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Improved bounds on the size of permutation codes
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Abstract

In order to overcome the challenges caused by flash memories and also to protect against errors related to
reading information stored in DNA molecules in the shotgun sequencing method, the rank modulation is proposed.
In the rank modulation framework, codewords are permutations. In this paper, we study the largest size P(n,d)
of permutation codes of length n, i.e., subsets of the set S,, of all permutations on {1,...,n} with the minimum
distance at least d € {1,..., (g)} under the Kendall 7-metric. By presenting an algorithm and some theorems,
we managed to improve the known lower and upper bounds for P(n,d). In particular, we show that P(n,d) = 4
for all n > 6 and %(") <d< %(’2’) Additionally, we prove that for any prime number n and integer r < %,

2
n—6r (n—1)!

b3 = = =502 \ nf =)

. This result greatly improves the upper bound of P(n,3)

for all primes n > 37.

Index Terms
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I. INTRODUCTION

In order to overcome the challenges caused by flash memories and also to protect against errors related
to reading information stored in DNA molecules in the shotgun sequencing method, the rank modulation is
proposed (see [[15] and [[16]], respectively). In the rank modulation framework, codewords are permutations.
Within this framework, permutation codes were extensively examined using three metrics: the Kendall 7-
metric [1]], [15], [20], [21], [25], the Ulam metric [18] and the ¢, metric [17], [19]. This study specifically
concentrates on permutation codes under the Kendall 7-metric.

A Permutation Code (PC) of length n represents a non-empty subset of .S,,, which includes all permu-
tations of the set [n] := {1,2,...,n}. In the context of a permutation 7 := [7(1),7(2),...,7(:), 7(i +
1),...,m(n)] € Sy, an adjacent transposition, denoted as (i,i+ 1) for 1 < i < n—1, transforms 7 into the
permutation [7(1),7(2),...,7(i + 1), 7(¢),...,m(n)]. The Kendall 7-distance between two permutations,
p and 7 in S, is defined as the minimum number of adjacent transpositions required to express pm—*
as their product. In the context of the Kendall 7-metric, a PC of length n with minimum distance d can
correct up to d;21 errors induced by charge-constrained errors, as cited in [15].

A central question in the theory of PCs is determining the value of P(n,d), that is the size of the largest
code in S,, with minimum Kendall 7-distance d, for d < (Z) The exact value of P(n,d) is determined
for d € {1,2} and %(;‘) <d< (g) [7] and also for n = 5 and for n = 6 when d # 3 [25]]. Furthermore,
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n | [1, Theorem 1.1] Theorem [.2]
37 36! — 15 36! — 62
41 40! — 16 40! — 330
43 42! — 17 42! — 456
47 46! — 18 46! — 2537
53 52! — 20 52! — 155518
59 58! — 22 58! — 195360
61 60! — 23 60! — 323371

TABLE I: Comparing the upper bounds of P(n,3) obtained from Theorems [, Theorem 1.1] and Theorem

several researchers have presented bounds on P(n,d) (see [1l], [3], [7], [15], [20], [21], [25]).
In this paper, we present a theorem supporting the value of P(n,d) as follows:

Theorem L1. P(n,d) =4, for all n > 6 and 2(}) <d < 2(}).

Moreover, we achieved significant improvements on the lower bound of P(n,d) when n € {7,8} by

constructing new PCs from the subgroups of S,, (see Table [, below) and, in particular, we establish
P(7,12) = 7.
Utilizing sphere packing bound (see [15, Theorems 12 and 13]), P(n,3) < (n — 1)!. In [9, Corollary 2.5
and Theorem 2.6] and [7, Corollary 2], it is proved that if n > 4 is a prime number or 4 < n < 10,
then P(n,3) < (n — 1)! — 1. Enhancing this, in [1, Theorem 1.1], we improved the upper bound to
P(n,3) < (n—1)!=[5]+2< (n—1)! -2 for all primes n > 11. Here we prove an additional upper
bound on P(n,3) as follows:

Theorem L2. For a prime number n and integer v < g,

n — 6r (n—1)!
VnZ —8rn + 2072 \| n(n — 1)
The upper bound for P(n,d) derived from [1, Theorem 1.1] outperforms that from Theorem for
all prime numbers 11 < n < 31. However, considering that every prime number greater than 5 can be

written in the form of 6n 4+ 1 or 6n + 5, the following corollary shows that Theorem significantly
enhances the upper bound of P(n,3) for all prime numbers n > 37.

P(n,3) < (n—1)! — (1)

Corollary 1.3. Let r > 6. If n = 6r + 1 is a prime number, then
P(n,3) < (6r)! — (1.61)(5r +5)7",
and if n = 6r 4+ 5 is a prime number, then

P(n,3) < (6r +4)! — 5(1.61)(5r + 9)

r—4
2 .

In Table [, a comparison is made between the upper bounds of P(n,3) obtained from [1, Theorem 1.1]
and Theorem for prime numbers 37 < n < 61.

The subsequent sections are organized as follows: In Section [, we provide the definitions and notations
of PCs and summarize important results regarding bounds on P(n, d). Section [IIl presents a new table of
values for lower bounds of P(n,d) for n € {5,6,7,8}. In Section [Vl we first prove Theorem and
subsequently, using a specific method, we determine the exact value of P(7,12). Finally, in Section [V]
we proceed to prove Theorem

II. PRELIMINARIES

In this section, we first present some definitions and notations for PCs under Kendall 7-metric. Subse-
quently, we summarize key known results about the bounds used to determine the best known bounds on
PCs under Kendall 7-metric in Table [l



Let n be a positive integer and let S, denote the symmetric group on n letters, i.e., the set of all n!
permutations of [n]. Throughout this paper, for a permutation ™ € S,,, we employ the vector notation of 7 as
[7(1),m(2),...,7(i),7(i+1),...,m(n)]. The composition of two permutations 7 and o in S,,, denoted by
o, is defined as o (i) = w(o (7)) for all i € [n]. The identity element of .S, is denoted by & := [1,2,...,n].
For distinct elements 4,j € [n], (i,7), which is called transposition, is the permutation obtained from
exchanging i and j in £. For a permutation 7 € S,,, let I () := |[{(i,7) € [n]*|i < jAT (i) > 771 (4)}]-
In view of the parity of I(7), 7 is called an even or odd permutation. For a set (), || denotes the size
of the set ().

For two permutations 7 and p in S,,, d (p, 7) denotes the Kendall T-distance between p and 7. There exists
a well-known equivalent expression for dg(p, ) [13] as follows: di(p,7) = |{(z,7) € [n]*|p~1(i) <
p Y () Am7i) > 771(5)}. A PC C of length n is called an (n,d)-PC, if dx(m,o) > d for all distinct
elements 7,0 € C. The largest size of a (n,d)-PC is denoted by P(n,d). It is known that P(n,1) = nl,
P(n,2) = %' and if %(;‘) <d< (’2‘), then P(n,d) = 2 (see [7, Theorem 10]). In the following, we review
some results that determine the best known bounds on P(n,d).

For a positive integer r and a permutation o € .S,,, the ball of radius » which centered at ¢ in \S,, under the
Kendall 7-distance is denoted by B,.(o) defined by B, (0) := {m € S,, | dx(o,7) < r}. Since the Kendall
T-metric is right invariant (i.e., for every three permutations o, 7, p € S,, we have dk (o, m) = dg(op, 7p)
[7]), the size of a ball of radius r is independent of its center and we denote it by Bg/(r). The Gilbert-
Varshamov bound and sphere-packing bound for PCS under Kendall 7-metric are as follows:

Proposition IL.1. [[/5, Theorems 12 and 13]

n! n!
Bed—1) = "D = gy

2

Let o and 7 be two permutations with dg (o, 7) = 1. Then the double ball of radius r centered at o and
7, denoted by DB,.(o, 1), is defined by DB, (0, 7) := B.(c) U B,(7). The size of DB,(¢,[2,1,3,...,n])
is denoted by DB, ,. There are two useful results for bounds on P(n,d), when d is even, as follows:

Proposition I11.2. For all n and t > 1,
! l
(1) [Z Corollaries 5 & 6] P(n,2(t+1)) < Dgn,t' Especially P(n,4) < ﬁ

(2) [I3 Theorem 21] P(n,2t) > +P(n,2t — 1).

The best known relation for the lower bound on P(n, 3) is as follows:

n—1

Proposition I1.3. P(n,3) > 5 [I5 p. 2116] and in particular if n — 2 is a prime power, then

|
P(n,3) > n. [3, Theorem 4.5].
2n — 2
|
Remark IL4. By the part (ii) of Proposition and Proposition P(n,4) > m ifn—21is
n —_—

|

a prime power and P(n,4) > ﬁ otherwise.

There is an important improvement of the lower bound on P(n,d), when n — 2 is a prime power and
d > 4 as follows:

Proposition IL.5. [20, Theorem 18] Let m = ((n — 2)'™! — 12/(n — 3), where n — 2 is a prime power.

Then P(n,2t+1) > and so P(n,2t+ 2) > o

n:
(2t+1)m —2(2t+1)m’

If %(’2‘) <d< %(’2‘), then the following bound may turn out to be better than the sphere packing upper
bound or part (1) of Proposition



Proposition IL.6. /20, Theorem 23] If P(n,2t) > M, then 2(})t < (3) & |[4] and if P(n,2t+1) > M,
then 26+ 2)((45)) + ("5) + e+ DIFIT < (LA

III. CONSTRUCTING PERMUTATION CODES FROM COSETS OF SUBGROUPS

In this section, we initially devise an algorithm that determines the largest (n,d)-PC under Kendall
T-metric constructed by a subgroup and some of its left cosets (see Remark below) among all
subgroups of 5, for integers n and d. Employing GAP [10] through this algorithm allows us to discover
new (n,d)-PCs under Kendall 7-metric, as detailed in Appendix [VI, which improve the lower bounds
of P(n,d) when n € {7,8}. Subsequently, Table [l is presented, illustrating the best-known bounds on
P(n,d) for n € {5,6,7,8}. Recently, several improved lower bounds for P(n,d) have been obtained
in [4], using recursive techniques, automorphisms, and programs that combine randomness and greedy
strategies. Notably, the bold and italic entries in the table represent results from the current paper and [4],
respectively. Also the blue entries shows the best known of lower bounds for P(n,d), n € {7,8}.

Remark IIL1. If H is a subgroup of a finite group G and g € G, then Hg :== {hg|h € H} and gH :=
{gh|h € H} are called a right coset of H and a left coset of H, respectively, with the representative g. It
is known that if X be the set of right (left) cosets of H in G, i.e., X :={Hg|g € G} X:={gH |g € G}),
then X partitions G, i.e., G = Uxex X and X N X’ = @& for all distinct elements X and X' of X, and
X|=1G|/IH].

Description of Algorithm 1: Algorithm 1 takes two input integers, n and d. It initializes G and T as
the symmetric group on the set [n] and all subgroups of G, respectively (using GAP [10], access to
all subgroups of G is possible with “ConjugacyClassesSubgroups(G)”). The algorithm comprises three
functions: A, A, and ©. The first two return the minimum Kendall 7-distance between elements of a
subgroup and a subset, respectively. The third function returns the minimum Kendall 7-distance between g
and all elements of a set M. Notice that if H is a subgroup, then since the Kendall 7-metric is right invariant
and hhy' € H for all elements h, hg € H, min{dg(h, ho) | h # ho, h,ho € H} = min{dx(h,€) |h € H}.
Hence, in order to reduce computer calculations, the algorithm define a separate function for calculating
the minimum kendall 7-distance between elements of a subgroup. It initializes two lists D and L to be
empty lists. All subgroups of G that are (n, d)-PCs are added to the list D. For each H € D, the algorithm
initializes a list Ly as the set of left transversal set H in G (i.e., {xH |x € L(H)} is the set of all left
cosets of [ in (5). The goal is to find the largest subset Sy of Ly such that £ € Sy and U,eg, v H is an
(n, d)-PC. For the latter, it first initializes two lists My and Sy to be list of elements of H and empty list,
respectively. Next, for all j € Ly, if jH is an (n,d)-PC and if the minimum Kendall 7-distance between
j and all elements of M is at least d, then it add j to the set Sy and M := M U jH. Note that if there
exist x,y € T such that zH and yH are two (n,d)-PC and dk(zh,y) > d for all h € H, then the right
invariant property of the Kendall 7-metric implies that xtH Uy H is an (n, d)-PC. With this procedure, the
algorithm creates the subset Sy of Ly to achieve its goal. Finally, for each subgroup H of G, it adds
the list [H, Sy to L. Now by considering the elements of the list L we can find the largest (n, d)-PC is
created by the algorithm 1.

It is worth noting that the construction of PCs using certain subgroups of symmetric groups and their
right cosets under the Hamming metric has already been explored (see, for instance, [3]]). Since the
Hamming metric on S, is left and right invariant, for adding each right (left) coset to the previously
created PC of a certain subgroup and its right (left) cosets, it is enough to check the minimum distance
of the representative of that coset with the previous PC. Also, in Algorithm 1, because the Kendall 7-
metric is only right invariant, adding the left cosets to the previously constructed PC is used to reduce
the calculations.

IV. THE VALUE OF P(n,d) FOR CERTAIN VALUES OF d

Within this section, we initially establish the proof for Theorem [[.1] and subsequently ascertain the exact
value of P(7,12). The proof of Theorem [ relies on the following straightforward lemma.



Algorithm 1: Construction (n,d)-PCs from the sub-
groups and some their cosets.

Input: Integer numbers n and d.
Output: A list of elements as [H,Sy] such that
Uszeteyusy ©H is an (n, d)-PC.

1: G <« symmetric group on n letters
2: T < all subgroups of GG
3: A <+ a function whose input is a
subgroup H
S
for all ¢ in H do
add Kendall 7-distance between £ and i to .S
end for
return(minimum of the list S)
end function
0: A <+ a function whose input is the
subset NV
11: S+
12:  for all  and j in N do
13: add Kendall 7-distance between ¢ and j to S
14: end for
15: return(minimum of the list S)
16: end function
17: © < a function whose inputs are a subset M
and an element g of G
18: S+
19:  for all ¢ in M do
20: add Kendall 7-distance between g and i to S
21:  end for
22:  return(minimum of the list S)
23: end function
24: D+
25: for all ¢ in T" do
26: if A(i) > d then add i to the list D

SYReI;nn

27: end if
28: end for
29: L+ ]

30: for all H in D do

31: Ly < left transversal set H in G

32: My <+ elements of H

33 Sm <«

34:  for all j in Ly do

35: if A(elements of (jH)) > d and
O(M,j) > d then

38: add j to the set Su

39: M < union of My and the left coset jH
of H in G

40: end if

41:  end for

42:  add [H, SH] to the set L

43: end for

Lemma IV.1. Let n > 5 be an integer. If n = 0,2 (mod 3) (n = 1 (mod 3)), then there exist 3 non-empty
subsets with the same sumset which partitions [n] ([n] \ {1}), respectively.

Proof. If n is 5, 6, 7, 8, 9 and 10, respectively, then {{5},{1,4},{3,2}}, {{6,1},{5,2}, {3,4}},
{{2,7},{3,6},{4,5}}, {{8,4},{7.3,2},{1,5,6} }, {{6,5,4},{9,1,2,3},{8,7} } and {{10,8},{9,2,7},{3,4,6,5

are the partitions of [n] or [n] \ {1} satisfying the lemma. Now suppose that n > 10. Hence there exist
t >0 and r € {5,6,7,8,9,10} such that n = 6t + r. Note that if » = 1 (mod 3), then r € {7,10}.



TABLE II: Best known lower bound (LB) and upper bound (UP) on P(n,d).

n/d 3 4 5 6 7 3 9 10 11 12 13 14 15 16 17-18
5 | LB=UB | 20° 127 6" 5 2° 2° 2° 2° _ _ - - _ _ _
¢ | UB 116° | 64" [ 26° [20° |[11° [T 4 4 2° 2° 2° _ _ _ _
LB 102° | 64° 26 20 11° 7t 4 4 2¢ 2¢ 2¢
UB 716° | 420° | 186" | 120° | 66® | 45° | 28* | 21° | 10 7 49 49 2° 2° 2°
, | LB - 33 | 126 | 84 42 - - 13 8 7 4 - - - -
LB - 315 | 126 | 84 42 28 15 12 8 7 4 4 - - -
OLB 588¢ | 2947 | 1104 | 55° | 34¢ | 17/ | 14¢ | 7° 2@ 20 20 20 2¢ 2¢ 2¢
UB 5039°| 2880°| 1152%| 720° | 363% | 242° | 141% | 99° | 64° | 47° ‘Z ?g 109 | 89 49
g | LB 3752 | 2240 | 672 | 448 | 168 | 115 | 57 43 26 21 8 - -
LB 3696 | 2184 | 672 | 392 | 168 | 112 | 48 48 24 24 14 14 8 8 4
OLB 2688"| 1344%| 142° | 76 | 33* | 20 | 12¢ | 7° 6° 4° 30 30 1° 1° 1@

Key to the superscripts used in Table

superscript a Sphere packing bound
superscript b Sphere packing bound+([1, Theorem 3.5]
superscript ¢ [7\ Corollary 5 or Theorems 10,12 or 13]
superscript d Lower bounds from [[15]]
superscript f [15, Theorem 21]
superscript g [20, Theorern 23]
superscript h P(n,3) > 5= [13]
superscript i [25] Table II]
an entry in bold Tables [[I] and and Theorem
an entry in italic Lower bounds from [4]
blue entries Best known lower bounds for P(n,d), n € {7,8}

Consider ¢ + 1 subsets O1,...,0,,1 of [n] as follows:

1,....,r,r+1,...;74+6,...,n—11,....,.n—6,n—5,....,n
N 7\ ~ >y A ~~ >y ~~ >

0, [SP O O¢11
Clearly, forall 2 <i<t+1,0; ={k;+1,k;+2,...,k; + 6}, where k; = r + (i — 2)6 + 1. Hence, 3

sets O = {k; + 1, k; + 6}, O0 := {k; + 2,k; + 5} and O;3 := {k; + 3, k; + 4} with the same sumset
partition the set ©;. Therefore, since r € {5,6,7,8,9,10}, corresponding to each set ©;, 1 <i <t + 1,

there exists a partition of 3 sets ©;;, O, and ©;3 with the same sumset for O,. Let A; := ”1@” for
all j € {1,2,3}. So Ay, Ay and A; with the same sumset partition [n] or [n]\ {1} if n = 0,2 (mod 3)
or n =1 (mod 3), respectively. This completes the proof. U

Proof of Theorem [L1l It follows from [20, Theorem 23] that if P(n,d) > 5, then we must have (3)d <
6 x (%) and therefore d < 2(%). So for all 2(}) < d < 2(}), P(n,d) < 4. Since P(n,d+ 1) < P(n,d),
it is enough to show that there exists an (n, [2/3(})])- PC of size 4.

Let N := > "i = (7). It follows from Lemma that there exist pairwise distinct subsets Aq, Ay

and Az of [n — 1] or [n — 1]\ {1} such that if n — 1 =0,2 (mod 3) or n — 1 =1 (mod 3), respectively,
then deA j = e, = %, for all i € {1,2,3}. Now, suppose that for n > 6, the subsets
A1, Ay and Az of [n — 1]7 are determined. Corresponding to each A;, we introduce a permutation «; as
follows: let r; := |A|, A, :={n—j|j € A;} and ©; := [n] \ Al. Suppose that j; < j, < --- < j,, and
lo <l <+ <ly_p_ are all elements of A’ and O;, respectively. Let a; € S,, such that «;(t) = 7
and o;(n —s) =l forall t € {1,...,r;} and s € {0,...,n —r; — 1}. Let o, and o, be two distinct
permutations corresponding to distinct subsets A, and A, z,y € {1,2,3}. In view of the definition of
0, if @ < j are two elements of [n], then a'(i) < o '(j) if and only if i € A, So, since A, NA} = &,



we have (i

— {(i.J)

j) € [n]? satisfies a;'(i) < o' (j) and a; ' (i) > «,'(j), if and only if (4, j) € AU B, where
li<j,i€eAl} and B ={(i,7) i >j,j € A,}. Hence

dic (0, 0) = [{ (i, 5) | a5 (1) < o () A ey (5) > 0 M ()}
=|AUB|=|A|+|B|.
Therefore, di(cz, ) = D icn, i+ Dica, @ and 50 di(ag, o) is equal to 2 if n — 1 = 0,2 (mod 3)

3
—Z(Ng_l) = L%NJ Also it is easy to see that

dic(§, 00) = [{(03) |1 < G A e (i) > o ()}
=@, 4) i <ji € Oa}l,
and therefore dy (&, ) is equal to N — § = 2N if n — 1 = 0,2 (mod 3) and is equal to N — &1 =

L > [ 28] if n — 1 =1 (mod 3). Hence, {£, o, a2, a3} is an (n, | 2Y])-PC of size 4. This completes

the proof. U

Example IV.2. Let n = 14. Suppose Ay := {2,7,8,13}, Ay := {3,6,9,12} and A3 := {4,5,10,11}.
Then Ay, Ay, A3 have the same sumset 30 and partitions {2, 3, . ..,13}. Hence by the proof of Theorenil.1]
{§, a1, s, a3} is a (14,60)-PC, where

=[1,6,7,12,14,13,11,10,9,8, 5,4, 3, 2],
2,5,8,11,14,13,12,10,9,7,6,4, 3, 1],
az =[3,4,9,10,14,13,12,11,8,7,6, 5, 2, 1].

and otherwise is equal to

Definition IV.3. A permutation code C is called equidistance (called EPC for short) under Kendall T-
distance whenever all two distinct permutations in C have the same Kendall T-distance. The maximum
size of the largest EPC of length n and Kendall T-distance d denoted by EP(n,d). Also we denote by
P(n,d,m,d), the size of the largest PC with minimum Kendall T-distance d in S,, such that contains an
EPC of size m and Kendall T-distance d'.

The problem of determining bounds on EPCs under the Hamming metric back to the 1970s, beginning
with a question of Bolton in [6]. Various studies, including [12], [13], [22], [24], have explored this topic
due to its applications in powerline communications and balanced scheduling. For a brief overview of
EPCs under the Hamming metric, you can refer to [8, Section VI.44.5]. However there is no special study
on EPCs under the Kendall 7-metric, and only in [25 p. 3160], the number of permutations that have the
same distance with the identithy element has been studied. In the subsequent discussion, we leverage the
notion of EPCs under the Kendall 7-metric to demonstrate that P(7,12) = 7.

Proposition IV4. 1) For each 1 < d < (g) and o € S,, there exists an element ™ € S,, such that
dig(o,m) =d.
2) If d is an odd number, then E P ) =2

(n,

3) EP(n,d) =2, forall 2/3(3) <d < (}

4) EP(n,2/3(3)) = 4.
Proof. First, we show that for each 1 <t < (7), there exists a subset A C [n — 1] such that >, ,a = t.
If t < n, then there is nothing to prove. So we assume ¢ > n. Since ¢ < ( ) there exists ¢ € [n] such
that Z (n—7)<t< ZZH (n — j). Suppose that s =t — Z;zl(n — 7). So either s =0 or s < n — 1.
Hence, 1fs—0 then A = {n n—1,...,n—i}and if s <n—i, then A={n,n—1,...,n—1i,s}.
Let d < (3) and A C [n — 1] such that Swena = (5) —d. Also let |[A] =7, A :={n—j|je A}
and © := [n| \ A. Suppose that j; < jo < --- < jrand Iy < [} < -+ < l,_,_; are all elements of
A and O, respectively. Let a@ € S,, such that a(t) = j; and a(n —s) = [, for all ¢t € {1,...,r} and
s €{0,...,n—r—1}.Itis easy to see that [{(7,5) € [n]*|i < jAa" (i) > a7 ()} = (5) =D ,ena = d.



Therefore d = dx (£, @) = di (o, ao) and this completes the proof of part (1). Since the composition of
two odd (even) permutations is an even permutation, the right invariant property of the Kendall 7-metric
implies that the Kendall 7-distance between two permutations of the same parity is even. Hence the part
(2) follows from part (1). Also the part (3) follows from the part (1) and [7, Theorem 10] and the part
(4) follows from the proof of Theorem This completes the proof.

O

Lemma IV.5. EP(7,12) = 7 and P(7,11,6,12) = 7.

Proof. Let C be an (7,12)—EPC under the Kendall 7— metric of maximum size. Without loss of generality
we may assume that £ € C as Kendall 7-metric is right invariant. Let A := {0 € S, |dk(§,0) = 12}.
Using GAP [10], |A| = 531. It is sufficient that we find the maximum EPC with Kendall 7-distance 12
in A. Let A;, 2 < <7, be the set of all subsets of size 7 in A such that the Kendall 7-distance between
any pair of distinct elements in any of them is equal to 12. Using GAP, | As| = 27697, |Az| = 172629,
|Ay| = 131777, | A;5| = 10862, |Ag| = 9 and |.A;| = 0. So, the size of largest EPC in A is 6 and therefore
IC|=T.

Suppose that C is a (7, 11)-PC such that contains an EPC C of size 6 and the Kendall 7-distance 12. Without
loss of generality we may assume that £ € C. According to the proof of the first part, C € M := {{{} U
A|A € As}. So there are 10862 distinct cases for C. Let By, := {0 € S, | dg(m,0) > 11,V m € M},
for all M € M. Using GAP, for all M € M, 0 < |By| < 14 and if |By| # 0 and by, by € By, then
d(by,by) < 11. This completes the proof. O

Theorem IV.6. P(7,12) = 7 and 8 < P(7,11) < 10.

Proof. Let C be a (7,d)—PC under the Kendall 7—metric and ¥ := > . -dk(c1,c2). By a same

argument as in the proof of [20, Theorem 23], it can be seen that ¥ < (’2‘) (%} L%J By Theorem
P(7,12) < 8. As shown in Table [l P(7,12) > 7. Then it is sufficient that we show P(7,12) # 8.
Suppose for a contradiction that C be an (7,12)—PC of size 8. So we must have ¥ < 336. On the
other hand, since FP(7,12) = 7 and |C| = 8, there exist ¢;,ce in C such that dx(c1,c2) > 12. Hence,
5 > (5) x 12+ 1 = 337 that is a contradiction. So P(7,12) = 7.

As shown in Table[l, P(7,11) > 8. Theorem implies that P(7,11) < 12. Suppose for a contradiction
that C be an (7,11)—PC of size 12 or 11. Let C; := CN A, and Cy := C\C;, where A,, denotes the set of
all even permutation in S,,. Without loss of generality we may assume that |C;| > |Cs|. Since the Kendall
T-distance between two permutations of the same parity is even, if ¢; and ¢, are two distinct elements in
Cy or Co, then dg(c1,c2) > 12. So

('C;') x 12 + <|C;|) X 12+ 11 x |Cy] x |Co| < .

If |C| = 12 and 11, then ¥ < 756 and 630, respectively. Hence it can be seen that if |C| = 12, then C; and
C, must be two (7,12)—EPC of sizes 6 and also if |C| = 11, then C; and Cy must be two (7,12)—EPC
of sizes 6 and 5, respectively. Therefore if |C| € {11, 12}, then C is an (7,11)—PC such that contains a
(7,12)—EPC of size 6 that is contradict with Lemma This completes the proof. U

V. NEW UPPER BOUND OF P(n,3)

In this section, we will follow the definitions and notations outlined in [1]]. Specifically, we adopt the
following definitions: Let H be a subgroup of a finite group G and X = {Hay, ..., Ha,,} be the set of
right cosets of H in G. Fix the ordering on X as Ha; < Ha; whenever i < j. Then p$ is the map from
G to GL,,(Z) (the group of all m x m invertible matrices with integer entries) defined by g — P,, where
P, is the m x m matrix whose (7, ) entry is 1 if Ha;g = Ha; and O otherwise. Furthermore, if Y C G,

then Y*% represents the element > yey Yk =3 yey Py in Mat,,(Z), the set of all m x m matrices over
Z.



By a number partition A of n (with the length m) we mean an m-tuple (Aq, ..., \,,) of positive integers
such that Ay > --- > \,, and n = Z:’;l Ai. According to [1, Definition 3.1 and Remark 3.2], the Young
subgroup corresponding to a partition (Aq,...,\,,) of a positive integer n refers to the subgroup H of
S, defined as H := Sa, X -+ X Sa,, = {o1---0om|0o; € A;;1 < i < m}, where (Aq,...,4,,) =
L. o b {a+ 1L o+ )., {n—An+1,...,n}), and Sa, denotes the symmetric group on
the set A; forall i =1,..., m.

Lemma V.1. Let H be the Young subgroup of S, corresponding to the partition A := (n —r,1,...,1)
—_——

and X be the set of right cosets of H in S,. If S ={(i,i+1)|1<i<n-—1}and T := S U {5},Tthen
X is a symmetric matrix A = (a;j)exs, where { = (n%!r)!, with the following properties:

1) a; >n—2r forall i € (.

2) a;; € {0,1} forall i # j € [{].

3) S ay =nforallic€ [l

Proof. In view of [1, Remark 3.2], without loss of generality we may assume that A is the partition
{In—=r],{n—r+1},{n—r+2},...,{n}} of n and therefore H = S,,_,.. Let F := {(f1, fo, ..., f+) €
[n|"|Vi # j, fi # f;}. Corresponding to each ordered r-tuple F' = (fy,..., f.) € F, let S&' := {0 €
Splon—r+1) = fi,0(n—r+2) = fo,...,0(n) = f.}. Clearly, S5 = Hg, where g = (n—r+1, f;)(n—
r+2, f2) - -+ (n, f,), is aright coset of H and if F' and F are two distinct elements of F, then SE'NSE = &.
Hence, since |F| = ¢, in view of Remark X = {SF|F € F} is the set of all right cosets of H in
Sp. Suppose that Fy, Fy, ..., F; are all ordered r-tuples in F. Fix the orderin/g_\of X such that ST < S,I;j

if i < j, for all i, 5 € [¢]. In view of [, Definition 2.10], the (i, j) entry of TP%" is equal to |O;;|, where
Oy :={teT|Shkt= Sfj}. Since O;; = Oj; for all i, j € [¢], A is a symmetric matrix. Let (i,i+1) € T’
and let F = (f1,...,f,) and F' = (f1,..., f,) be two distinct elements of F. The sufficient condition for
SEPGi+1)=Slis {i, i+ 1y 0 {f1,..., fr} = D. So ags > n — 2r for all s € [(]. Now suppose for a
contradiction that there exists (4,7 + 1) € T\ {(4,4 4+ 1)} such that S¥(i,i + 1) = S = SF(j,7 + 1).
Since F' # F we have P, := {fy,..., f,}N{i,i+1} # @ and {f1,..., f,}N{j,j+ 1} # . Suppose
that i € P; and f,, = i for some m € [r]. Then for all o € S, (o(i,i+1))(n —r+m) =i+ 1 and
(¢(j,7+1))(n—7r+m)isequal tojif i =j+1 and is equal to ¢ if {z,i +1} N {j,j+ 1} = @. So
SE(i,i+1) # SE(4,7+ 1) that is a contradiction. Now suppose that i + 1 € P, and f; =i + 1 for some
d € [r]. then by the same argument it can be seen that (o(i,i+1))(n—r+d) # (0(j,j+1))(n—r+d),
for all o € SI' . Hence, S (i,i+ 1) # SE(j,j + 1) that is a contradiction. Hence, a;; € {0, 1} for all
i # j € [(]. Note that for each = € [(], since U!_,O,, =T and O,y N O,y = @ for all y # y' € [{], we
have Zﬁ:l a;; = n for all i € [¢]. This completes the proof. O

Here, we provide some notations used in the proof of Theorem The transposition of a matrix or
vector is denoted by ‘. The inner product of two vectors X = (xq,...,2z,)" and 'y = (y1,...,¥y,)" in R™
is defined as (x,y) := x"y = >, 2;y;, the notation || x ||:= y/(x,X) denotes the 2-norm of vector x and
the notation || x ||:= > ., |2;| denotes the 1-norm of vector x, where |a| denotes the absolute value of
real number a.

Definition V.2. [/]1]] A polyhedral cone is a subset C C R™ of the form C := {x € R"| Ax < 0}, for a
matrix A € R™*" and column vector 0 of order n x 1 whose entries are equal to 0.

Remark V.3. Let C = {x € R"| Ax < 0} be a polyhedral cone for a non-singular matrix A € R"*" .
In view of [U1 p. 104-105], the vector d € R" is called an extreme ray of C, if there exists 1 <1 < n
such that A;d = 0 and a;d < 0, where a; denotes the i-th row of the matrix A and A; is the submatrix of
A obtained by removing a;. We say that two extreme rays d and d' of C are equivalent, and denote it by
d ~ d, if one is a positive multiple of the other. In view of [I1} p. 101-105], the number of equivalence
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classes of extreme rays in C is finite. Also according to [11| p. 105], if {w1,...,ws} is a complete set of
representatives of all equivalence classes of extreme rays in C, then C = {3 _;_, \iw; | \; > 0}.

Theorem V.4. Let r and n be integers such that v < % and n{ (n —r)\. Then
n — 6r (n—1)!
VnZ —8rn + 2072 \| n(n — 1)

Proof. Let C be a PC in S,, with minimum Kendall 7-distance 3. Let H be the Young subgroup of S,
corresponding to the partition A := (n —r,1,...,1) and Y be the set of right cosets of H in S,. If
——

P(n,3) < (n—1)!—

S={(i,i+1)|1<i<n-—1}and T := S U{¢}, then by Lemma [V, 7#"" is a matrix A = (@ij)exes
(= (n%!r)!, with properties specified in Lemma Theorem [1, 2.14] implies that the optimal value of
the objective function of the following integer programming problem gives an upper bound on |C|

¢

Maximize in,
i=1

subject to  A(xy,...,x,)" < |H|1 = (n—1r)'1,
r, €4, x; >0, 1€ {1,...,6},

where 1 is a column vector of order ¢ x 1 whose entries are equal to 1. Let a be a feasible solution for the
above linear inequality system that achieves the optimum of the objective function and 8 := =y 1t
follows from the part (3) of Lemma[V.1] that the sum of every row in A is equal to n and so AB = (n—r)!1.
Since n 1 (n—r)! we have a # B. It is clear that Zle a; < (n—1)!, where «; denotes the i-th entry of e,

and suppose that Zle a; = (n—1)! — k for a non-negative integer k. Consider two vectors fa := a — f3
and —1. We let

(-188)  (1a-p

T S Bay T-1la—-A]
_(La)+(-1,-p)
[—1(a—A]

et

where [3; denotes the i-th entry of 3. Since for each i € [, «; is an integer number, we have |«; — ;| > %

Hence,
1\
/N R b ) (V.1)
n? n  (n—r)!

Let C:= {x € RY|Ax < (n — )11} = {x € RY| A(x — B) < 0}. In view of Definition Cisa
polyhedral cone. Note that since r < %, Lemma implies that A = (a;;)¢xe is a matrix such that
ay; > Zf 4j— ij for all 1 < ¢ < (. Therefore Levy-Desplanques Theorem [14} p. 125] implies A is a
non-singular matrix. Also, since A\gu + (1 —_))\O)V € C for all u,v € C and \; € [0, 1], C is a convex set.
It is clear that B, € C and so the vector Ba belongs to C. Suppose that {wy,...,w,} is a complete set

of representatives of all equivalence classes of extreme rays in C such that || w; ||= 1 for all 1 < i < s.
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. =
Since ﬂa € C, it follows from Remark [V.3] that there exist non-negative real numbers A, ..., A, such that

—
a=>""  \w,. Then

1 —
A s w
[l Be || =225y Avw |l
Since [| 325, Aiwi [< D0 A [ wi |,

= Zzs 1)‘ < 17WZ>
TGS A w1
and since || w; [[=1 forall 1 < <s,
0> - Ai (=1, w;)
=2 <Z§:1A-> 1]

)\i 1W2
Ry Zz e 2

1w,
where 11 := min{w } 1<i< s}.

Suppose that iy =

ﬁ for some 1 < r < s. Hence it follows from Remark [V.3] that there
exists ¢ € [n] such that A;w, = 0 and a;w, < 0, where q; is the i-th row of the matrix A and A,
is the matrix obtained by removing a; of the matrix A. According to the properties of the matrix A,
without loss of generality, we may assume that ¢ = ¢. Suppose that p is the /-th column of A, and J
is the (¢ — 1) x (¢ — 1) matrix obtained by removing the column p of the matrix A,. Levy-Desplanques
Theorem implies J is a non-singular matrix. Hence, Ay(z1,...,2)" = J(x1,...,2_1)" + pzy = 0 implies
(1, .., @)t = =T ' py.

In the sequal, we show that a,(.J~1p, —1)! < 0 and therefore by placing z, = —1 we have (—J 1 px,, 2,)t ~
w,.. It follows from [23] Theorem 1] and Lemma [V.1] that 1fA = min{|J;|— 23 Ll il [T < i < l— 1}
then || J7! ||oo:= maX{ijl I(J71)y] |1 < i< 0—1} < x. So Lemma V1] implies || J~! [|o<
Also if |A| := (Jaij|)nxn for a matrix A = (a;;)nxn. then we have

177 p [h=tr(|J " p[1) < tr(|J~"|p1).

n—4r :

Since the inverse of a symmetric matrix is a symmetric matrix, .J ! is a symmetric matrix. Suppose that
p; denotes the i-th entry of p. It follows from Lemma that p; € {0,1} forall 1 < i < ¢ —1 and if
7:={i € [{ — 1] | p; = 1}, then the size of 7 is at most 2r. Then we have

(|7 |p1) = ZZI

i=1 jer

=Z§|<J—1

jer i=1

Y

jer i=1

<D T e 20 [T s,

JET
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and therefore,

_ 2r
T i< . (V.3)
n —4r
So, parts (1) and (2) of Lemma and r < % imply that
a(J7p, 1) <[ T p |l —(n = 2r) <0
and so (J7'p,—1)" ~ w,. Hence,
<_17 (‘]_lpa _1)t> 11— <17 J_1p>
Ho = = =
[T (T, =D Ve 1+ ] T 1p |2
1— -1
> IEAvAR . (V.4)
VO/1+ | T |1}
Hence, relations and (V.4) imply
n — 6r
> , V.5
o= JivnZ =8 + 2012 (V->)
and therefore the result follows from relations (V.1)), and (V.3). This completes the proof. O

n
Proposition V.5. For integers n > 10 and r < 5 ifnt(n—r)\, then n is a prime number.

Proof. Suppose for a contradiction that n is not prime. Hence there exist n;,ny € N\ {1} such that
n = niny. Suppose first that ny; # ny and ny < ng. If ny < n —r, then n|(n — r)! that is a contradiction.

So ng >n —r. Since r < Z,
n n
—<n—r<ny=—,
2 s

and therefore n; < 2 that is a contradiction. Now suppose that n = n?. Since n{ (n — ), n —r < 2my

and so )

ni n < <9
—=—<n-r n
2 2~ b
and therefore n; < 4 that is a contradiction. This completes the proof. U

Remark V.6. In view of Proposition [V.3| the only numbers that satisfy the assumptions of Theorem
are prime numbers. Thus, given that P(n,3) < (n — 1)!, Theorem is interchangeable with Theorem

2

Proof of Corollary [[.3: First suppose that n = 67+ 1 > 37 is a prime number. It follows from inequality
that

(6r)(6r —1)---(br+2)
4813 +32r2 +10r +1

P(6r+1,3) < (6r)! —\/
) (5r 4+ 2)(5r + 3)(5r + 4)

1 2.6. Theref
Clealy, st sarm r 10, 41~ 20 Therefore
P(6r+1,3) < (6r)! — V2.6(5r +5) =
6r + 1
< (o) — 2L 4o

Now suppose that n = 6r + 5 > 41 is a prime number. It follows from inequality [L. 1| that

(6r)(6r —1)---(br +6)
483 4+ 16072 + 250r + 125°

P(6r+5,3) < (6r +4)! — 5\/
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Clearly, 4;% ::__ ??057;172)5(5: j__ f; 3 > 2.6. Therefore,
P(6r+5,3) < (6r +4)! — 5v/2.6(5r + 9) =
< (6r +4)! — (?} +2.
This completes the proof. 0]
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VI. APPENDIX

Tables [l and contain information on the generators of subgroup H in S, (i. e., a subset of the
elements H such that every element of the H can be expressed as a combination of finitely many elements
of the subset and their inverses) and Sy for n € {7, 8} as obtained from Algorithm 1, along with additional
software checking details. In these tables, C¢ indicates the size of the set of all subgroups of S, that are
(n, d)-codes under Kendall 7-metric and Ay indicates the number of left cosets of H that are (n, d)-codes
under Kendall 7-metric. In fact in these tables, for every pair (n,d), Uzes,uerH forms a new (n, d)-PC.
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New (8, d)—codes and some details of software checking.
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