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Abstract—This paper presents constructions of DNA codes that
satisfy biological and combinatorial constraints for DNA-based
data storage systems. We introduce an algorithm that generates
DNA blocks containing sequences that meet the required con-
straints for DNA codes.

The constructed DNA sequences satisfy biological constraints:
balanced GC-content, avoidance of secondary structures, and
prevention of homopolymer runs. These sequences simultane-
ously satisfy combinatorial constraints that ensure differences
among DNA sequences and their reverse and reverse-complement
sequences. The DNA codes incorporate error correction through
minimum Hamming distance requirements.

We establish a bijective mapping between algebraic structures
and DNA sequences, providing construction of DNA codes with
specified characteristics. Using this framework, we construct
DNA codes based on error-correcting codes, including Sim-
plex and Reed-Muller codes. These constructions ensure DNA
sequences avoid secondary structures and homopolymer runs
exceeding length three, which cause errors in DNA storage
systems. Concatenated sequences maintain these properties.

The codes achieve non-vanishing code rates and minimum
Hamming distances for large sequence lengths, demonstrating
viability for DNA-based data storage systems.

Index Terms—DNA Data Storage, DNA Codes, GC-Content
Constraint, Reversible Constraint, Reversible-Complement Con-
straint, Homopolymers, Secondary Structures.

I. INTRODUCTION

DNA (DeoxyriboNucleic Acid) is carried by all known
cellular life and some viruses. Biological information is stored
in DNA for a long period, and DNA also helps transfer infor-
mation between two generations. This motivates researchers to
look at DNA for possible solutions to the long-term reliable
storage of massive data. In 2012, Church et al. implemented
a high-scale archival DNA-based data storage architecture on
synthesized DNA [1]. Further, Goldman et al. proposed an
encoding scheme for DNA-based data storage in 2013 [2].
DNA-based data storage is explored due to its incredible
storage capacity, density, and durability [1], [2]. Details are
discussed in survey papers [3]–[10].

A physical string of four base pairs or nucleotides Adenine
(A), Thymine (T ), Guanine (G), and Cytosine (C) is called
DNA. In this paper, sequences made up of the four nucleotide
bases A, C, G, and T are referred to as DNA strings.
For any such DNA string, its complement is obtained by
replacing each base with its complementary base, its reverse is
formed by writing the string in reverse order, and its reverse-
complement is the reverse of the complement string, where the
Watson-Crick complements or simply complements, of DNA
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nucleotides are as follows: Ac = T , Gc = C, T c = A,
and Cc = G. For example, the DNA strings TCCGAA,
TTCGGA, and AAGCCT are the complement, reversible,
and reversible-complement DNA strings of AGGCTT . In a
wet lab, one can read and write physical DNA using DNA
sequencing and a synthesizer [11]. Errors can occur when
DNA is read and written in the lab. We list some of the
properties of the DNA strings that help reduce errors while
reading and writing a bunch of DNA strings as follows.
1. Avoiding Homopolymers: Errors such as nucleotide dele-
tions, insertions, and substitutions occur frequently in DNA
sequences. These errors are often attributed to the presence of
homopolymers in DNA sequences [2], [12], [13]. Homopoly-
mers are defined as consecutive repetitions of a nucleotide
within a DNA sequence. A DNA sequence contains a ho-
mopolymer of run-length ℓ if a nucleotide appears at ℓ consecu-
tive positions within the sequence. A DNA sequence is termed
ℓ-homopolymer-free if it does not contain homopolymers with
run-length greater than or equal to ℓ. For example, the DNA
sequence ACCCTGCAAAG contains homopolymers of run-
length 3 and is 4-homopolymer-free.
2. Avoiding Secondary Structures: In DNA data storage,
secondary structure constraints are relevant when sequences
are single-stranded, such as during oligo synthesis and PCR.
Primer-dimer formation is a key issue for primers [14]. Sec-
ondary structure is formed when nucleotides interact within a
single-stranded DNA. A single-stranded DNA bends on itself
and leads to some structures, called secondary structures [15].
Consecutive nucleotides that take part in a secondary structure
of a single-stranded DNA are called the stem, and the number
of successive nucleotides is known as stem length. Various
loops and knots formed in secondary structures are discussed
in [16]. Secondary structures, stem, and stem length for a
DNA string is defined formally in Definition 1. If the stem
length of each stem in the secondary structure of a DNA
string is less than ℓ, then the DNA string is called ℓ free-
structures. Examples of DNA strings with secondary structures
are illustrated in Fig. 1. The secondary structure needs to be
unfolded while reading the DNA. Therefore, additional energy
and resources are needed to read the DNA, which increases
costs. Milenkovic and Kashyap first constructed DNA codes
that avoid secondary structures in their seminal paper [15]. The
mfold Web Server [17] and Vienna [18] are generally used for
RNA secondary structure prediction and analysis. It employs
thermodynamics-based and dynamic programming algorithms
to predict minimum free energy (MFE) structures, calculate
base-pairing probabilities, visualize secondary structures, and
design sequences for specified structures. In [19], [20], author
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Fig. 1. For the DNA string x = AAGGAAGCGCCAAAACCCAAAG-
GGAAGGCGTTTCCAA of length 37, the secondary structure with stems
of length 3 and length 9 is predicted by The mfold Web Server [17] and Vienna
[18]. Note that the sub-string x(16, 18) = CCC attaches with the sub-string
x(22, 24) = GGG and forms a hairpin-like secondary structure with a stem of
length three. Also, the sub-string x(3, 11) = GGAAGCGCC attaches with
the sub-string x(27, 35) = GGCGTTTCC and forms a secondary structure
with a stem of length nine.

has enumerating secondary structures that satisfy certain sta-
bility requirements using Context-Free Languages.
3. Reversible and Reversible-Complement Constraints: During
the reading of a DNA string in the code, nonspecific hy-
bridization can be avoided if this string differs sufficiently from
(i) any other DNA string in the code (Hamming constraint),
(ii) the reverse of any other distinct DNA string in the
code (Reversible constraint), and (iii) the reverse-complement
of any other distinct DNA string in the code (Reversible-
Complement constraint) [11], [21]–[23]. Note that nonspecific
hybridization refers to the unintended binding of DNA strands
to non-target complementary sequences, resulting in erroneous
hybridization events. Formal definitions of Reversible and
Reversible-Complement constraints are given in Definition 3.
4. GC-Content Constraint: The GC-content or GC-weight
of a DNA string is the total count of the nucleotide C and
the nucleotide G in the DNA. For example, the GC-Content
of the DNA string AATACTCGTAGGTTTT is five. A
balanced GC content in DNA codes is essential to maintain
optimal thermal stability and prevent processing difficulties
during sequencing and synthesis [13], [24]–[27]. Therefore, in
this paper, we construct a set of DNA strings, each of length n,
such that each DNA string has balanced GC-Content ⌊n/2⌋.

Therefore, DNA codes that avoid Homopolymers and
secondary structures and satisfy Hamming, Reversible,
Reversible-Complement, and GC-Content constraints are pre-
ferred.

Consequently, DNA codewords that circumvent homopoly-
mer formations and secondary structure formations while
adhering to Hamming distance requirements, reversibility
constraints, reverse-complement restrictions, and GC-content
balance are highly desirable for practical applications. Some
work in this direction is as follows.
Related Literature: DNA codes with Reversible and
Reversible-Complement constraints are constructed using
BCH code on GF (qm) [22] and Reed-Muller code on
Z4[w]/⟨w2 − (2 + 2w)⟩ [21]. In addition, DNA codes with
reverse-complement and GC-Content constraints are con-
structed using the field GF (4) [28]–[30]. DNA codes in which
DNA strings are free from consecutive repeats of blocks

(a generalization of homopolymers) are studied in [31]. In
addition, the DNA codes also satisfy Reversible, Reversible-
Complement, and GC-Content constraints.

A significant body of research [32]–[40] has focused on
error-correcting codes for DNA storage. These include codes
for insertion/deletion errors [32], inversion errors [33], sym-
bol errors [34], limited-magnitude probability errors [35],
duplication errors [36], and coded trace reconstruction for
efficient recovery from multiple noisy reads [37]. In [41], [42],
authors studied codes under the Damerau metric that correct a
single deletion and multiple adjacent transpositions, providing
constructions, size bounds, and decoding algorithms. Burst-
deletion/insertion correcting codes with improved redundancy
and efficiency have also been proposed in [38]. Channel
modeling and capacity analysis for DNA storage systems
have been studied extensively in [43]–[46], including multi-
draw channels corrupted by binary erasure [43], nanopore
sequencing channels with intersymbol interference [46], and
models addressing out-of-order sequencing in multi-molecule
systems such as the shuffling [47], and shotgun sequencing
[48] channels. In [49], authors investigated DNA sequence
reconstruction from noisy substring observations, employing
Markov type analysis to model the DNA storage channel
and its relevance to synthesis and sequencing processes.
Constrained DNA code design has been advanced through
models capturing biochemical requirements such as balanced
GC-content, secondary structure avoidance, and mutual uncor-
relation. Kiah et al. [20], [50] pioneered asymmetric coding
frameworks to mitigate synthesis and sequencing errors using
combinatorial techniques. Yazdi et al. [14], [51] formulated
weakly mutually uncorrelated codes that ensure balanced
composition and large Hamming distances, addressing primer
design challenges. Extensions to complex error models includ-
ing insertions, deletions, and transpositions were provided by
Gabrys et al. [42].

In addition to these foundational works, specialized coding
techniques have been introduced to address specific challenges
in DNA storage. Rank-Modulation codes for efficient data
representation are explored in [52], while primer address
codes for random access are constructed in [24]. Composite
DNA coding methods for increasing alphabet size and cor-
recting asymmetric errors are presented in [53], [54]. Guided
scrambling and constrained codes for optimizing synthesis
cycle counts in parallel strand synthesis are studied in [55].
Furthermore, capacity-achieving constrained codes balancing
GC-Content and limiting homopolymer runs are proposed
in [26], while enumerative coding methods for capacity-
achieving GC-Content and prefix-constrained codes are devel-
oped in [56]. Also, improved constructions of Reed-Solomon
(RS) and Generalized Reed-Solomon (GRS) codes meeting the
half-Singleton bound are presented in [57]. In [58], authors
show unconstrained coding (investigated for homopolymer or
GC content restrictions) is more efficient against substitu-
tion errors than constrained coding. Apart from these two
properties, we have considered several more properties, such
as preventing secondary structures and holding reverse and
reverse-complementing constraints simultaneously. Although
constrained codes increase synthesis costs and lower density,
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they ensure reliable recovery in high-error synthesis where
unconstrained codes may fail.

These diverse contributions highlight the multifaceted nature
of DNA storage coding research. They address fundamen-
tal biological constraints such as secondary structures, GC-
balance, and homopolymer runs while advancing error correc-
tion techniques and channel modelling strategies to improve
data reliability and storage efficiency.

Contributions: In this paper, DNA block sets are con-
structed from Algorithm 1 such that DNA strings defined
over the DNA block set are ℓ free-structures. From Lemma
4, we have shown that any concatenation of those DNA
strings is also ℓ free-structures. For DNA block set A4 =
{AA,AC,CA,CC,CT, TC} (see Remark 2), we have ob-
tained the following results.

• As shown in Section III-A, any DNA string defined
over the DNA block set A4 has the GC-Content half
of the length (Lemma 5), and also, avoids the secondary
structures (Proposition 2) and homopolymers of run-
length of more than two (Lemma 7). Also, we have shown
in Lemma 8 and Lemma 9 that any DNA code defined
over the set A4 of DNA blocks holds the Reversible-
Complement constraint. Apart from this, we have defined
a bijective map ψ : Zn4 → A4 and a distance dψ in
Section IV. From the map property, we have given the
condition on linear code C over Z4 in Lemma 10 so
that the DNA code ψ(C ) holds the Reversible constraint.
Further, from the distance-preserving property discussed
in Lemma 11, we have given the parameters of obtained
DNA codes in Theorem 1.

• Families of DNA codes such as Modified Simplex DNA
Codes of Type 1 as given in Section VI-A, Modi-
fied Simplex DNA Codes of Type 2 as given in Sec-
tion VI-B, and Reed-Muller Type DNA codes as dis-
cussed in Section VI-D are constructed that are 3 free-
structures, 3 free-homopolymers, and also satisfy GC-
Content and Reversible-Complement constraints along
with Reversible constraint and each concatenated DNA
string of these DNA codewords is again 3 free-structures.
Also, all the constructed families of DNA codes have
either a non-vanishing code rate or a non-vanishing
relative minimum Hamming distance for large lengths.

• In particular, the relative minimum Hamming distance
is approaching 1/2 and 1/4 for Modified Simplex DNA
Codes of Type 1 and Modified Simplex DNA Codes of
Type 2 for large lengths (see Remark 8 and Remark 10).
And, for given m − r, the code rate approaches 1/2
for Reed-Muller Type DNA codes for large lengths (see
Remark 15).

Organisations: The basic preliminaries are discussed for
DNA codes in Section II. Properties of DNA strings obtained
from some DNA block sets are discussed in Section III.
Further, DNA strings obtained from mapping between Z4 and
a DNA block set are discussed in Section IV. Some examples
of DNA codes are given in Section V, and then families of
DNA codes are also obtained in Section VI. Finally, Section
VII presents a discussion and comparison of different DNA

codes.

II. NOTATIONS AND PRELIMINARY

In this section, we present some basic definitions, notations,
and background results.

For any alphabet Σ of q symbols, any one-dimensional
array, (x1 x2 . . . xn), of length n over Σ is known as
a string x, i.e., x = (x1 x2 . . . xn), where xi ∈ Σ for
i = 1, 2, . . . , n. In particular, strings defined over the alphabet
ΣDNA = {A, T,C,G} are called DNA strings. For any DNA
string y = y1y2 . . . yn ∈ ΣnDNA, strings yc = yc1y

c
2 . . . y

c
n, yr =

ynyn−1 . . . y1, and yrc = ycny
c
n−1 . . . y

c
1 are called complement,

reversible and reversible-complement DNA strings, respec-
tively. For simplicity, a DNA string of length n is represented
by x = x1x2 . . . xn, where xi ∈ ΣDNA for i = 1, 2, . . . , n.
For positive integers n and m, the concatenation of strings
x = (x1 x2 . . . xn) and y = (y1 y2 . . . ym) is the string
xy = (x1 x2 . . . xn y1 y2 . . . ym) of length n + m.
For a given string x = (x1 x2 . . . xn) of length n and
1 ≤ i ≤ j ≤ n, a string (xi xi+1 . . . xj) is called sub-
string of the string x and it is denoted by x(i, j). Similarly,
for a DNA string x = x1x2 . . . xn, a DNA sub-string is
represented as x(i, j) = xixi+1 . . . xj . For any positive integers
i, j, k, ℓ and any DNA string x of length n, two sub-strings
x(i, j) and x(k, ℓ) are known as disjoint sub-strings of x
if 1 ≤ i ≤ j < k ≤ ℓ ≤ n. For example, the DNA
sub-strings x(16, 18) = CCC, x(22, 24) = GGG, x(3, 11)
= GGAAGCGCC and x(27, 35) = GGCGTTTCC of x as
given in Fig. 1 are disjoint DNA sub-strings.

The Nussinov-Jacobson (NJ algorithm) folding algorithm
can predict approximately secondary structure in a given
DNA string [59]. Chemically active DNA strings become
more stable when they release energy and form a secondary
structure. Thus, one can predict secondary structure in a DNA
string by computing a system property known as free energy.
For a DNA string x = x1x2 . . . xn, the free energy depends
on the energy (known interaction energy) of pairing xi and
xj 1 ≤ i < j ≤ n. In the NJ algorithm, the interaction energy
between the nucleotides xi and xj in the DNA string x is
independent of any neighbor pairs. However, the interaction
energy depends on the pairing of nucleotides xi and xj that
contribute to the secondary structure. As given in [60], for
any DNA string x = x1x2 . . . xn, the frequently used values
of interaction energy is

β(xi, xj) =


−5 for (xi, xj) ∈ {(C,G), (G,C)},
−4 for (xi, xj) ∈ {(T,A), (A, T )},
−1 for (xi, xj) ∈ {(T,G), (G,T )},
0 otherwise.

(1)

For any sub-string x(i, j) = xixi+1 . . . xj of the DNA
string x, the minimum free energy is given by Ei,j =
min {Ei+1,j−1 + β(xi, xj), Ei,k−1 + Ek,j : k = i+ 1, . . . , j},
where Eℓ,ℓ = Eℓ−1,ℓ = 0 for ℓ = 1, 2, . . . , n. The initial
conditions follow the fact that any nucleotide of a DNA string
does not bind with itself or immediate neighbors to form a
secondary structure.
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Following the mathematical definition of secondary struc-
tures given in [61], we define the secondary structure for a
DNA string in Definition 1.

Definition 1 (Secondary Structure, [61]). For any DNA
string x = x1x2 . . . xn ∈ ΣnDNA of length n, a secondary
structure is associated with a set S of pairs (i, j) for 1 ≤ i <
j ≤ n such that both the nucleotides xi and xj are attached
to each other. Any maximal subset of the set S associated with
consecutive nucleotides in the secondary structures is known
as a stem. Also, the number of those consecutive nucleotides
is known as the stem length.

Note that any set of pairs does not represent a valid
secondary structure. Many options are rejected due to chemical
and stereochemical constraints.

Example 1. Consider a DNA string x = x1x2 . . . x37 =
AAGGAAGCGCCAAAACCCAAAGGGAAGGCGTT -
TCCAA as given in Fig. 1. The secondary structure with
two stems in x is associated with set S = {(i, 38− i),
(j, 40− j) : i = 3, 4, . . . , 11 and j = 16, 17, 18}, where the
two stems are associated with S1 = {(i, 38− i) : i = 3, 4, . . . ,
11} and S2 = {(j, 40− j) : j = 16, 17, 18} of length 9 and
3, respectively. The secondary structure is also estimated by
The mfold Web Server [17] and Vienna [18].

Generally, a stem is defined as the maximal set of con-
secutive nested base pairs within a secondary structure. The
classical stem definition covers reverse-complement binding
structures but excludes complement binding structures due to
biological nesting constraints. In contrast, our mathematical
definition using maximal subsets of consecutive base pairs
provides comprehensive coverage of both binding patterns.
While the classical approach restricts analysis to biologically
canonical stem formations, our formulation enables broader
structural characterization including non-canonical parallel
base-pairing configurations. This extended coverage facilitates
more general secondary structure analysis in DNA code design
applications.

Analysis of intersection energy shows that DNA se-
quences with a greater number of consecutive pairs in
{(C,G), (T,A), (T,G), (G,C), (A, T ), (G,T )} are more sus-
ceptible to forming secondary structures with stems of any
length, as our definition ensures every longer stem is composed
of shorter nested stems as well. Therefore, we should reduce
the number of these base pairs in the sequence to design
DNA sequences that avoid secondary structures. To construct
such DNA strings, Secondary-Complement (SC) DNA strings
and Reversible-Secondary-Complement (RSC) DNA strings
are formally defined in Definition 2 as follows.

Definition 2 (SC and RSC DNA Strings). For any DNA
string x ∈ ΣℓDNA, the Secondary-Complement (SC) DNA
string(s) and the Reversible-Secondary-Complement (RSC)
DNA string(s) are xs = xs1x

s
2 . . . x

s
ℓ and xrs = xsℓx

s
ℓ−1 . . . x

s
1,

respectively, where As = T , Cs = G, Gs = C, Gs = T ,
T s = A, and T s = G. Note, for any x ∈ ΣDNA, β(x, xs) < 0
and, for any y ∈ ΣDNA s.t. x ̸= ys, β(x, y) = 0.

For example, consider a DNA string x = AATCGCC.

The SC DNA strings of x are TTAGCGG, TTGGCGG,
TTAGTGG, TTGGTGG, and the RSC DNA strings of x are
GGCGATT , GGCGGTT , GGTGATT , GGTGGTT . For
i, j = 1, 2, . . . , n and |j−i| > ℓ, two sub-strings x(i, i+ℓ−1)
and x(j, j+ℓ−1) of a DNA string x = x1x2 . . . xn are called
ℓ-length disjoint Secondary-Complement and Reversible-
Secondary-Complement DNA sub-strings (ℓ-length disjoint
SC/RSC DNA sub-strings) if x(i, i + ℓ − 1) ∈ {x(j, j + ℓ −
1)s,x(j, j + ℓ − 1)rs}, where {zs, zrs} is the set of all SC
and RSC DNA strings of the DNA string z. For example, in
Fig. 1, sub-strings x(3, 11) and x(27, 35) are 9-length disjoint
SC/RSC DNA sub-strings of the DNA string x. Now, Lemma
1 and Lemma 2 are immediate.

Lemma 1. For given two integers ℓ and n (1 ≤ ℓ ≤ ⌊n/2⌋),
consider a DNA string free from ℓ-length disjoint SC/RSC DNA
sub-strings. Then, for any t ≥ ℓ, the DNA string does not
contain t-length disjoint SC/RSC DNA sub-strings.

Proof. For any DNA string of length n, if t > ⌊n/2⌋, then
there do not exist two or more disjoint DNA sub-strings each
of length t. Thus, the result holds for any integer t > ⌊n/2⌋.
Now, for t = ℓ, ℓ+1, . . . , ⌊n/2⌋, consider a DNA string with
two sub-strings x = x1x2 . . . xm and y = y1y2 . . . ym each
of length m such that x ∈ {yrs,ys}, where xrsj = ym−j+1

(j = 1, 2, . . . ,m) for x = yrs, and xsj = yj (j = 1, 2, . . . ,m)
for x = ys.

• Case 1 (x = yrs): Now, for any positive integers ℓ
(≤ m) and i (≤ m − ℓ), if possible then consider
two sub-strings x1 = xixi+1 . . . xi+ℓ−1 and y1 =
ym−i+1ym−i+2 . . . ym−i−ℓ+2 of x and y such that xs1 ̸=
yrs1 . But it is not possible because xrsj = ym−j+1.
Thus, from contradiction, the result is proved for the case
x = yrs.

• Case 2 (x = ys): One can prove the result for this case
using similar arguments as given in Case 1.

Thus, we obtain the result from both cases.

Lemma 2. An ℓ free-homopolymers DNA string does not
contain homopolymers of run-lengths greater than ℓ− 1.

Proof. A DNA string x = x1x2 . . . xn ∈ ΣnDNA is free
from homopolymers of run-length ℓ if and only if, for all
j ∈ {1, 2, . . . , n − ℓ + 1}, there exists some i ∈ {j, j +
1, . . . , j + ℓ− 1} such that xi ̸= xj . For any positive integer
m ≥ ℓ, {j, j + 1, . . . , j + ℓ− 1} ⊆ {j, j + 1, . . . , j +m− 1}
and {1, 2, . . . , n − m + 1} ⊆ {1, 2, . . . , n − ℓ + 1}. There-
fore, for all j ∈ {1, 2, . . . , n − m + 1}, there exists some
i ∈ {j, j+1, . . . , j+m−1} such that xi ̸= xj . Thus, the DNA
string x is also ℓ free-homopolymers. But, m is an arbitrary
positive integer more than equal to ℓ.

For any positive integers n, M and d, an (n,M, d) code
is a subset C ⊂ Σn of size M with the minimum distance d
= min{d(a,b) : a ̸= b and a,b ∈ C }, where d(a,b) is the
distance between the codewords a and b in C . In the case of
Hamming, the distance between a and b and the minimum
Hamming distance (MHD) are denoted by dH(a,b) and dH ,
respectively. Consider a code C defined over Σq with q sym-
bols if, for any x,y ∈ C and a, b ∈ Σq , (a·x)+(b·y) ∈ C then

This article has been accepted for publication in IEEE Journal on Selected Areas in Information Theory. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/JSAIT.2025.3619053

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Universita degli Studi di Napoli Federico II. Downloaded on October 28,2025 at 13:47:42 UTC from IEEE Xplore.  Restrictions apply. 



5

the code C is known as a linear code, where Σq is either a ring
or a field of size q with additive and multiplicative operations
‘+’ and ‘·’, respectively. For any matrix G over Σq , ⟨G⟩ =
{(a ·x)+(b ·y) : x and y are two rows of G and a, b ∈ Σq}.
In particular, a matrix G defined over the ring Z4 is called type

{k0, k1} if G can be deduced into
(

Ik0 B1,2 B1,3

02,1 2Ik1 2B2,3

)
,

where Im are identity matrices of order m for m ∈ {k0, k1},
02,1 is a zero matrix with k0 rows and k1 columns, and Bi,j
are matrices with kj−1 columns and ki−1 rows over Z4 for
1 ≤ i < j ≤ 3. For any {k0, k1} type matrix G over Z4, the
size of the set ⟨G⟩ is 4k02k1 [62]. An (n,M, dH) DNA code
CDNA is a code with parameter (n,M, dH) over the DNA
alphabet ΣDNA = {A, T,C,G}. Now, for any (n,M, dH)
DNA code, the code rate is given by 1

n log4M , and the relative
minimum Hamming distance (RMHD) is dH

n .
For DNA codes, constraints given in Definition 3 are crucial

for reducing sequencing errors and enhancing data integrity.
Definition 3 presents the key constraints commonly considered
in the design of DNA codes.

Definition 3 (Constraints of DNA Codes). An (n,M, dH)
DNA code CDNA

1) holds Reversible constraint (R constraint) if drH ≥ dH ,
2) holds Reversible-Complement constraint (RC constraint)

if drcH ≥ dH ,
3) holds GC-Content constraint if GC-Content of all DNA

codewords are ⌊n/2⌋,
4) called ℓ free-structures if all DNA codewords are ℓ free-

structures, and
5) called ℓ free-homopolymers if all DNA codewords are ℓ

free-homopolymers,
where drH = min{dH(x,yr) : x,y ∈ CDNA s.t. x ̸= yr}
and drcH = min{dH(x,yrc) : x,y ∈ CDNA s.t. x ̸= yrc}.

For example, consider an (5, 2, 5) DNA code CDNA =
{ACACA,GAGAG} that holds R, RC, and GC-Content con-
straint, and also, the DNA code is 1 free-structures and 1 free-
Homopolymers. Any DNA code CDNA contains reversible
DNA strings, i.e., for each x ∈ CDNA, xr ∈ CDNA then
the DNA code holds R constraint. And therefore, for any DNA
code CDNA, the DNA code CDNA∪C r

DNA holds R constraint,
where C r

DNA = {xr : x ∈ CDNA}. Similarly, any DNA code
CDNA contains complement and reversible DNA strings, i.e.,
for each x ∈ CDNA, DNA strings xr,xc ∈ CDNA then the
DNA code holds R and RC constraints. And thus, for any DNA
code CDNA, the DNA code CDNA∪C r

DNA∪C c
DNA∪C rc

DNA

holds R and RC constraints, where C c
DNA = {xc : x ∈ CDNA}

and C rc
DNA = {xrc : x ∈ CDNA}.

III. DNA BLOCK SETS AND THEIR PROPERTIES

For any given integer ℓ, we define the DNA block set as a
subset of ΣℓDNA. We discuss the properties of DNA block sets
A so that DNA strings defined over the DNA block set ensure
the required properties. In this paper, note that elements of A
are referred to solely as blocks, the DNA codewords derived
from A are not termed blocks.

Lemma 3 describes a mathematical property of DNA strings
for secondary structures with a given stem length. Using this

. . .3′ . . .

. . .. . .5′

. . . 3′. . .

. . .. . .5′
. . . . . .

︷ ︸︸ ︷Sub-string x(i, i+ ℓ− 1)

︸ ︷︷ ︸
Sub-string x(j, j + ℓ− 1)

︷ ︸︸ ︷Sub-string x(i, i+ ℓ− 1)

︸ ︷︷ ︸
Sub-string x(j, j + ℓ− 1)

(a) (b)

Fig. 2. For any DNA string x with secondary structure, possible binding types
are shown. For sub-strings x(i, i+ℓ−1) and x(j, j+ℓ−1) of the DNA string
x, if binding occurs as shown in (a) then x(i, i+ ℓ−1) = x(j, j+ ℓ−1)rs,
and if binding occurs as given in (b) then x(i, i+ ℓ− 1) = x(j, j+ ℓ− 1)s.
DNA Secondary Structure Binding Types: (a) Reverse-complement binding
x(i, i+ℓ−1) = x(j, j+ℓ−1)rs; (b) Complement binding x(i, i+ℓ−1) =
x(j, j + ℓ− 1)s.

property, we can design DNA sequences that do not form such
structures. The Lemma 3 is as follows.

Lemma 3. For given integers n and ℓ (1 ≤ ℓ ≤ ⌊n/2⌋),
if a DNA string of length n forms a secondary structure that
consists of the stem(s) of length ℓ then the DNA string contains
at-least two disjoint sub-strings each of length ℓ such that both
sub-strings are either Secondary-Complement or Reversible-
Secondary-Complement of each other.

Proof. Consider a DNA string x = x1x2 . . . xn that forms a
secondary structure associated with S = {(i, fs(i)) : i ∈ I}
for some I ⊂ {1, 2, . . . , n}. The secondary structure consists
of m stems, and thus, one can find a partition {It : t =
1, 2, . . . ,m} of the set I . For each t = 1, 2, . . . ,m, the set
St = {(i, fs(i)) : i ∈ It} ⊂ S is associated with a stem of
length ℓt, where I =

⋃m
t=1 It and |St| = |It| = ℓt. For the given

It, if j = min{i : i ∈ It} and k = min{fs(i)) : i ∈ It} then
there are two sub-strings x(j, j+ℓt−1) = xjxj+1 . . . xj+ℓt−1

and x(k, k+ ℓt−1) = xkxk+1 . . . xk+ℓt−1 such that both sub-
strings attach pairwise to each other and it forms the stem of
length ℓt. Note that, any nucleotide does not bind with itself or
its immediate neighbours, and therefore, |k− j| > ℓt. Clearly,
from Definition 2, xi = xsfs(i) for i = j, j +1, . . . , j + ℓt − 1.
Now, as shown in Fig. 2, there are two cases as follows.

• Case 1: As shown in Fig. 2(a), if sub-string x(j, j+ℓt−1)
attaches pairwise with the sub-string x(k, k + ℓt − 1) in
reversible direction then (i, fs(i)) ∈ {(j, k+ ℓt−1), (j+
1, k+ℓt−2), . . . , (j+ℓt−1, k)}, and thus, fs(i) = j+k+
ℓt−1− i. In this case, from Definition 2, x(j, j+ ℓt−1)
= x(k, k + ℓt − 1)rs.

• Case 2: As given in Fig. 2(b), if sub-string x(j, j+ℓt−1)
attaches pairwise with the sub-string x(k, k + ℓt − 1)
in same direction then (i, fs(i)) ∈ {(j, k), (j + 1, k +
1), . . . , (j+ℓt−1, k+ℓt−1)} and fs(i) = k−j+i. In this
case, from Definition 2, x(j, j+ℓt−1) = x(k, k+ℓt−1)s.

So, from both cases and Definition 2, it follows the result.

From Lemma 1 and Lemma 3, one can directly conclude
the Proposition 1.

Proposition 1. For given positive integers n and ℓ (≤ ⌊n/2⌋),
consider a DNA string of length n such that the string is ℓ+1
free-structures. Then any secondary structure with stems of
length more than ℓ does not exist in the DNA string.
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Now, one can immediately obtain a set over ΣDNA
such that any string defined over the set is free from
Reversible-Secondary-Complement sub-strings and also free
from Secondary-Complement sub-strings of a certain length,
and therefore, from Proposition 1, it avoids the secondary
structures. Now, one can obtain conditions on such DNA block
set in Lemma 4 as follows.

Lemma 4. For any integers t, n and ℓ (2 ≤ ℓ ≤ ⌊t/2⌋ ≤
n), and a set A ⊂ ΣtDNA, if all DNA strings in A 4 do
not contain ℓ-length disjoint SC/RSC DNA sub-strings then all
DNA strings in A n are ℓ free-structures, where A k denotes
the set of all possible concatenations of k strings from A .

Proof. For i = 1, 2, 3, 4, consider xi = xi,1xi,2 . . . xi,t in A ,
and thus the length of the DNA string z = x1x2x3x4 ∈ A 4

is 4t, where the DNA string is free from ℓ-length disjoint
SC/RSC DNA sub-strings. The condition 2 ≤ ℓ ≤ ⌊t/2⌋
ensures the existence of two ℓ-length and disjoint DNA sub-
strings of xi. Now, for any 1 ≤ j ≤ 3, 1 ≤ r ≤ t − ℓ
and k ∈ {1, 2, . . . , t}, consider ℓ-length sub-strings yj,k =
xj,t−kxj,t−k+1 . . . xj,txj+1,1xj+1,2 . . . xj+1,ℓ−k−1 and zi,r =
xi,rxi,r+1 . . . xi,r+ℓ−1 of the DNA string z ∈ A 4. Also,
consider a set Pℓ of all these sub-strings. The DNA string z
does not contain ℓ-length disjoint SC/RSC DNA sub-strings.
It ensures the following properties.

1) DNA string xi ∈ A is free from ℓ-length disjoint
SC/RSC DNA sub-strings for each i.

2) For any 1 ≤ i1, i2 ≤ 4 and 1 ≤ r1, r2 ≤ t − ℓ, DNA
sub-strings zi1,r1 ̸= zsi2,r2 and zi1,r1 ̸= zrsi2,r2 .

3) For any 1 ≤ j1, j2 ≤ 3 and k1, k2 ∈ {1, 2, . . . , t}, DNA
sub-strings yj1,k1 ̸= yrsj2,k2 and yj1,k1 ̸= ysj2,k2 .

4) For any 1 ≤ i ≤ 4, 1 ≤ r ≤ t − ℓ, 1 ≤ j ≤ 3 and k ∈
{1, 2, . . . , t}, DNA sub-strings zi,r ̸= ysj,k and zi,r ̸=
yrsj,k.

Since, for i = 1, 2, 3, 4, chosen DNA strings xi are arbitrary,
so properties given in 1, 2, 3 and 4 hold for any combination
of DNA strings from A . Now, for any DNA string in A n,
any sub-string of length ℓ is also in the set Pℓ, and therefore,
from properties 1, 2, 3 and 4 as discussed above in this proof,
are neither Secondary-Complement nor Reversible-Secondary-
Complement of each other. Thus, the result holds from Lemma
1 and Lemma 3.

Note that, for a given integer ℓ, Lemma 4 ensures the
existence of a set of DNA blocks such that DNA strings and
concatenation of those strings defined over the set are ℓ free-
structures.

Thus, for given ℓ and t, such sets can be found using a
computational approach. One possible computational approach
is given in Algorithm 1.

Remark 1. Algorithm 1 compares pairs of disjoint ℓ-length
substrings within DNA sequences of length 4t, resulting in
approximately O((4t−2ℓ)2) comparisons per sequence. Con-
sidering all DNA strings containing at least one fixed substring
in T 4, the number of such strings grows combinatorially with
|T |, dominated by O((|T | − 1)3), where |T | represents the
size of the set T . Given the upper bound |T | ≤ 6 · 4t−2, the

Algorithm 1 DNA block set A construction algorithm
Input: Parameters ℓ and t (2 ≤ ℓ ≤ ⌊t/2⌋)
Output: DNA block set A ⊆ ΣtDNA such that all DNA string

defined over A are ℓ free-structures
Initialisation : Set S = ΣtDNA, set A = ∅ and z ∈ S

1: while S ̸= ∅ do
2: Compute T = A ∪ {z} and S = S\{z} for z ∈ S
3: if (All strings that contain at least one occurrence

of substring z in T 4 are free from ℓ-length disjoint
SC/RSC DNA substrings.) then

4: Update A = A ∪ {z}
5: end if
6: end while
7: return A

overall complexity of substring comparisons in the algorithm
is O((4t− 2ℓ)2 43t−6). For more detail, refer Appendix A.

For t = 2, 3 and ℓ = 3, the set A is calculated using
Algorithm 1, and those DNA block sets are listed in Table I.
Any DNA string defined over the DNA block set A as listed
in Table I, has the following properties.

• For any DNA string defined over the DNA block set A ,
the sum of As and Cs is lot more than the sum of Gs and
T s. Therefore, there are very few pairs (x, xs) ∈ Σ2

DNA

such that β(x, xs) < 0. Thus, the property helps to avoid
secondary structures in these DNA strings.

• At least one immediate neighbour of each nucleotide T
is C and of each G is A, and it controls the stem length
of secondary structures if it exists in the DNA string.

Further, avoiding homopolymers is not ensured by DNA
strings over the DNA block sets obtained from Algorithm 1
(see DNA block set A in Table I). Therefore, we obtained sub-
sets of those DNA block sets so that DNA strings defined over
the sub-sets avoid homopolymers and secondary structures.
The following Remark 2 explores the properties of specific
subsets of DNA strings, focusing on their ability to avoid
secondary structures.

Remark 2. For t = 2 and ℓ = 3, consider the set A =
{AA,AC,CA,CC,CT, TC} ⊂ Σ2

DNA and the sub-set A4 =
{AC,CA, TC,CT} ⊂ A. All DNA strings in A4 are 3 free-
structures, and therefore, from Lemma 4, each DNA string in
An is 3 free-structures. Similarly, from Lemma 4, all DNA
strings in An

4 are also 3 free-structures.

Now, for the remaining part of the paper, we fix the
notations A = {AA,AC,CA,CC,CT, TC}, and A4 =
{AC,CA, TC,CT}. Note that A4 ⊂ A. Note that A4 is a
set with four elements, where each element is a DNA string
of length two.

A. DNA sub-set A4 and properties

For any DNA strings defined over A4, properties such
as avoiding secondary structures and homopolymers, GC-
Content, and Hamming distance are discussed in this section.
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TABLE I
DISTINCT DNA BLOCK SETS ARE LISTED, WHERE ANY DNA STRING DEFINED OVER THE SET A IS 3 FREE-STRUCTURES. SUBSETS A OF THOSE

ALPHABETS A ARE ALSO LISTED, WHERE DNA STRINGS DEFINED OVER THE SUBSET A ARE 3 FREE-STRUCTURES AND ALSO AVOID HOMOPOLYMERS.

t DNA block set A 1
t
log4(|A |) Set A (⊆ A ) 1

t
log4(|A|)

2 {AA,AC,CA,CC, TC,CT} 0.6462 {AC,CA, TC,CT} 0.5000
3 {AAA,AAC,ACA,CAA,ACC,CAC,

CCA,CCC,CTA,CTC,ATC,AGC, AGA,CGA}
0.6346 {ACA,CAC,CTA,

CTC,ATC,AGC,
AGA,CGA}

0.5000

{AAA,AAC,ACA,CAA,ACC,CAC,
CCA,CCC,ATC,ACT,CTC,CCT,
TCA,CTA, TCC}

0.6511 {ACA,CAC,ATC,
ACT,CTC,CCT,
TCA,CTA}

0.5000

4 {AAAA,AAAC,AACA,ACAA,CAAA,
AACC,ACAC,ACCA,CAAC,CACA,
CCAA,CCCA,CCAC,CACC,ACCC,
CCCC,CTAA,CTAC,CTCA,CTCC,
CCTA,ACTC,ACTA,ATCA,ATCC,
AATC,CATC,AGAA,AGAC,AGCA,
AGCC,AAGA,AAGC,CAGA,CAGC,
ACGA,CCGA,CGAA,CGAC}

0.6607 {ACAC,ACCA,
CAAC,CACA,
CTAC,CTCA,
ACTC,ACTA,
ATCA,CATC,
AGAC,AGCA,
CAGA,CAGC,
ACGA,CGAC}

0.5000

{AAAA,AAAC,AACA,ACAA,CAAA,
AACC,ACAC,ACCA,CAAC,CACA,
CCAA,CCCA,CCAC,CACC,ACCC,
CCCC,CCCT,ACCT,CACT,AACT,
CTAC,CCTC,CCTA,ACTC,ACTA,
CTAA,CTCA,CTCC, TCAA, TCAC,
TCCA, TCCC,ATCC,ATCA,AATC,
CATC,CTTC, TCCT}

0.6560 {ACAC,ACCA,
CAAC,CACA,
ACCT,CACT,
ACTC,ACTA,
CTAC,CTCA,
TCAC, TCCA,
ATCA,CATC,
CTTC, TCCT}

0.5000

1) Secondary structures property: From Remark 2, the
property of avoiding secondary structures in DNA strings
defined over A4 is discussed in Proposition 2 as follows.

Proposition 2. Any DNA string defined over A4 is 3 free-
structures.

2) GC-Content property: For any DNA string over A4, the
GC-Content property is given in following lemma.

Lemma 5. The GC-Content of any DNA string defined over
A4 is half of its length.

Proof. For any x ∈ A4, the element x is associated with two
nucleotides, and the GC-Content of x is one. Thus, any DNA
string in An

4 has the length 2n and GC-Content n.

Now, conditions on DNA codes with GC-Content constraint
are given in Lemma 6.

Lemma 6. Any DNA code defined over A4 holds GC-Content
constraint.

Proof. The result holds from Lemma 5, and the definition of
GC-Content constraint.

3) Homopolymer property: For any DNA strings over A4,
the property of avoiding homopolymers is given in the follow-
ing lemma and remark.

Lemma 7. Each codeword of any DNA code defined over
A4 ⊂ A is 3 free-homopolymers.

Proof. For y1, y2, y3, y4 ∈ ΣDNA, if y1y2, y3y4 ∈ A4 then
y1 ̸= y2 and y3 ̸= y4. For any DNA string x = x1x2 . . . x2n ∈
An

4 , observe that x2i−1 ̸= x2i for each i = 1, 2, . . . , n.
Therefore, any three or more consecutive nucleotides are not
the same. Thus, the DNA string x defined over A4 is 3 free-
homopolymers.

Remark 3. Any DNA string obtained by concatenating DNA
strings defined over A4 is also defined over A4. Therefore,
from Proposition 2, and Lemma 7, any such concatenated DNA
strings are 3 free-structures and 3 free-homopolymers. Again,
from Lemma 5, the GC-Content of those concatenated DNA
strings are also half of their respective lengths.

4) Reversible-Complement property: For any DNA code de-
fined over A4, the reversible-complement property is ensured
in Lemma 8 and Lemma 9.

Lemma 8. Any (n,M, dH) DNA code over the DNA block
set A4 holds the RC constraint, if dH ≤ n.

Proof. Consider a DNA code CDNA over the DNA block
set A4. For any x, y ∈ A4, the distance dH(x, yrc) ≥ 1.
Thus, for any DNA codewords x = x1x2 . . . xn and y =
y1y2 . . . yn in CDNA, the reversible-complement DNA string
yrc = yrcn y

rc
n−1 . . . y

rc
1 . Therefore, the distance dH(x,yrc) =∑n

i=1 dH(xi, y
rc
n−i+1) ≥ n ≥ dH , and it holds the result.

Now, a condition on DNA codes with RC constraint is given
in Lemma 9.

Lemma 9. For any (2n,M, dH) DNA code CDNA over A4,
CDNA ∪ C c

DNA is an (2n, 2M,d∗H) DNA code, where d∗H =
min{dH , dcH}, and dcH = min{dH(x,yc) : x,y ∈ CDNA}. If
dH ≤ n then d∗H = dH .

Proof. The result holds from Lemma 8 and facts that (i) for
any x ∈ CDNA, the length of x and xc are same, (ii) for
any DNA code CDNA over A4, CDNA ∩ C c

DNA = ∅, (iii)
dH(x,y) = dH(xc,yc) for any x,y ∈ ΣnDNA, and (iv)
dH(x, y) ≥ 1 for any x, y ∈ A4.
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IV. DNA CODES OVER Z4

In this section, we defined the map ψ and analyzed the prop-
erties of the resulting DNA sequences and corresponding DNA
codes. This provides a foundation for subsequent analysis of
DNA codes with these all properties.

For any positive integer n and the set A4 =
{AC,CA, TC,CT} ⊂ A, define a bijective map
ψ : Zn4 → A4, s.t., ψ(0) = CT , ψ(1) = CA, ψ(2) = TC,
ψ(3) = AC. For any x = (x1 x2 . . . xn) ∈ Zn4 , consider
ψ(x) = ψ(x1)ψ(x2) . . . ψ(xn). For example, quaternary
string (0 1 1 3 2) is encoded into CTCACAACTC. For
each C ⊂ Zn4 , ψ(C ) = {ψ(x) : x ∈ C }. Now, the properties
of the map ψ are listed as follows.

Property 1. Any n length string x over Z4 is encoded into a
2n length DNA string since An

4 ⊂ Σ2n
DNA. As an example, the

length of the DNA string ψ((0 0 1)) = CTCTCA is six.

Property 2. For each x ∈ Z4, ψ(x)r = ψ(2 + x).
Thus, for any x = (x1 x2 . . . xn) ∈ Zn4 , ψ(x)r =
(ψ(x1)ψ(x2) . . . ψ(xn))

r = ψ(xn)
rψ(xn−1)

r . . . ψ(x1)
r =

ψ(2 + xn)ψ(2 + xn−1) . . . ψ(2 + x1). For example, consider
ψ((0 0 1)) = CTCTCA. Than, ψ((0 0 1))r = ψ((3 2 2)) =
ACTCTC.

Now, one can get a condition on linear code over Z4 that
ensures the reversible property in the respective DNA code as
given in Lemma 10 as follows.

Lemma 10. For any generating matrix G with n columns over
Z4, the DNA code ψ(⟨G⟩) contains reversible DNA strings if
and only if the following two properties are satisfied.

• The string (2 2 . . . 2) is in ⟨G⟩.
• For each row (x1 x2 . . . xn) of the matrix G, the

reversible string (xn xn−1 . . . x1) ∈ ⟨G⟩.

Proof. Consider a G matrix with k rows and n columns
over Z4, where the ith row is xi = (xi,1 xi,2 . . . xi,n)

for i = 1, 2, . . . , k. y ⇔
∑k
i=1 ai · xi ∈ ⟨G⟩ ⇔

∑k
i=1 ai ·

(xi,1 xi,2 . . . xi,n) ∈ ⟨G⟩ ⇔ (
∑k
i=1 ai · xi,1

∑k
i=1 ai ·

xi,2 . . .
∑k
i=1 ai · xi,n) ∈ ⟨G⟩ ⇔ (2 +

∑k
i=1 ai · xi,n 2 +∑k

i=1 ai · xi,n−1 . . . 2 +
∑k
i=1 ai · xi,1) ∈ ⟨G⟩, where the

arguments are obtained from, for any (z1 z2 . . . zn) ∈ ⟨G⟩,
the strings (zn zn−1 . . . z1) and (2+z1 2+z2 . . . 2+zn) are
in ⟨G⟩ since (2 2 . . . 2) ∈ ⟨G⟩. Hence, the result holds.

Now, define a map dψ : Z4 × Z4 → R s.t. dψ(x, y)
= dH(ψ(x), ψ(y)) for any x, y ∈ Z4. For any x =
(x1 x2 . . . xn) ∈ Zn4 and y = (y1 y2 . . . yn) ∈ Zn4 , we define
dψ(x,y) =

∑n
i=1 dψ(xi, yi). Hence, for any x,y ∈ Zn4 , the

distance dψ(x,y) = dH(ψ(x), ψ(y)). For any code C over
Z4, define dψ = min{dψ(x,y) : x ̸= y and x,y ∈ C }. The
map dψ inherits the properties of a distance from dH , as dH
is itself a distance. Now, one can obtain distance preserving
property as given in Lemma 11 as follows.

Lemma 11. The map ψ : (Zn4 , dψ) → (An
4 , dH) is a distance

preserving map.

Proof. For any x = (x1 x2 . . . xn) and y = (y1 y2
. . . yn) over Z4, the encoded DNA strings are ψ(x) =

ψ(x1)ψ(x2) . . . ψ(xn) and ψ(y) = ψ(y1)ψ(y2) . . . ψ(yn)
over A. From the distance definition, dψ(x,y) =∑n
i=1 dH(ψ(xi), ψ(yi)) = dH(ψ(x), ψ(y)). Thus, the

map ψ is a distance-preserving map.

Now, using Lemma 11, one can get the parameter of DNA
codes with various properties as given in Theorem 1, Lemma
12, and Lemma 13 as follows.

Theorem 1. For any (n,M, dψ) code C over Z4, there is
a (2n,M, dH) DNA code ψ(C ) with GC-Content constraint
such that each DNA string in ψ(C ) and their concatena-
tions are 3 free-structures and 3 free-homopolymers, where
dψ = dH . In addition, the concatenated DNA strings have
GC-Content is again half of their respective lengths.

Proof. For any (n,M, d) code C over Z4, parameters
(2n,M, dH) of DNA code ψ(C ) follows from Property 1,
bijective property of ψ and Lemma 11. Avoiding secondary
structures, GC-Content, and avoiding homopolymers proper-
ties for DNA strings and their concatenated strings follows
from Proposition 2, Lemma 6 and Lemma 7, and Remark
3.

Remark 4. For any (n,M, dψ) code over Z4 in Theorem 1,
if dψ ≤ n then, from Lemma 8, the (2n,M, dH) DNA code
will also satisfy RC constraint.

Parameters and properties of any DNA codes that are
obtained from the union of various DNA codes are discussed
in Remark 5, Lemma 12, Remark 6, Lemma 13 as follows.

Remark 5. For any (n,M, dψ) code C over Z4, DNA
codes ψ(C )r and ψ(C ) ∪ ψ(C )r are (2n,M, dH) and is
(2n,M∗, d∗H) code respectively, where M ≤ M∗ ≤ 2M , d∗H
= min{dH , drH} and dψ = dH . In addition, if xr ∈ ψ(C ) for
each x ∈ ψ(C ) then M∗ = M and d∗H = dH .

Lemma 12. For any (n,M, dψ) code C over Z4, there exists
a (2n, 2M,dH) DNA code ψ(C )∪ψ(C )c with a GC-Content
constraint, such that each DNA string in ψ(C ) ∪ ψ(C )c is
both 3-free in terms of secondary structures and 3-free in
terms of homopolymers, where dψ = dH . Furthermore, the
concatenated strings of these DNA codewords are also 3-free
in terms of homopolymers and maintain a GC-Content equal
to half of their respective lengths.

Proof. The parameter of the code ψ(C ) ∪ ψ(C )c is derived
from Lemma 9. Properties pertaining to secondary structures
and homopolymers for DNA strings in ψ(C ) ∪ ψ(C )c are
established by Proposition 2 and Lemma 7, respectively. Con-
straints related to reverse complementarity and GC-Content
are demonstrated in Lemma 5 and Lemma 6. Finally, the
concatenation property is a consequence of Remark 3 and
Remark 9.

Remark 6. For any code C over Z4 in Lemma 12, if dψ ≤
n then the DNA code ψ(C ) ∪ ψ(C )c will also satisfy RC
constraint.

Lemma 13. For any (n,M, dψ) code C over Z4, there is a
(2n,M∗, d∗H) DNA code ψ(C )∪ψ(C )c∪ψ(C )r∪ψ(C )rc with
R, RC and GC-Content constraints, and the DNA codewords
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are 3 free-structures and 3 free-homopolymers strings, where
M ≤ M∗ ≤ 2M , dψ ≥ d∗H . Also, concatenated strings of
those DNA codewords are 3 free-homopolymers and have GC-
Content half of their lengths. Also, if xr ∈ ψ(C ) for each
x ∈ ψ(C ) then M∗ = M and d∗H = dH .

Proof. For any DNA string x, xrc = (xr)c = (xc)r, and
therefore, for any DNA code CDNA, CDNA∪C c

DNA∪C r
DNA∪

C rc
DNA = (CDNA∪C c

DNA)∪(C r
DNA∪C c

DNA)
r. The parameter

of the DNA code ψ(C )∪ψ(C )c∪ψ(C )r∪ψ(C )rc (= C ∗
DNA)

follows from Lemma 9 and Remark 5. Note that, for any DNA
code CDNA over A4, the DNA code C r

DNA is also defined
over A4, and thus, properties on avoiding secondary structures
and homopolymers for DNA strings in C ∗

DNA are followed
from Proposition 2 and Lemma 7. In addition, the RC and GC-
Content constraints for these DNA strings are followed from
Lemma 8 and Lemma 6. Further, the concatenation property
follows from Remark 3 and Remark 5.

V. EXAMPLES OF DNA CODES FROM LINEAR CODES
OVER Z4

This section presents a comprehensive analysis of DNA
codes derived from linear codes over Z4, demonstrating
the practical application of our theoretical framework and
highlighting the properties of the resulting DNA codes. We
consider six linear codes over Z4 with generating matrices Gi
(i = 0, 1, 2, 3, 4, 5). The parameters of the corresponding DNA
codes ψ(⟨Gi⟩) are summarized in Table II. The generating
matrices are defined as follows:

G0 = (2 2), G1 = (1 1 3 3),

G2 =

(
1 0 1 2
0 1 2 1

)
, G3 =

1 1 1 1
0 2 0 2
0 0 2 2

 ,

G4 =

1 0 0 1 3
0 1 0 1 2
0 0 1 2 1

 , G5 =


1 0 0 0 1 3
0 1 0 0 1 2
0 0 1 0 2 1
0 0 0 2 2 2

 .

Our analysis reveals that the DNA codes ψ(⟨Gi⟩), ψ(⟨Gi⟩)∪
ψ(⟨Gi⟩)c and ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c ∪ ψ(⟨Gi⟩)r ∪ ψ(⟨Gi⟩)rc
satisfy RC and GC-Content constraints. In addition, each
codeword in these DNA codes ψ(⟨Gi⟩), ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c
and ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c ∪ ψ(⟨Gi⟩)r ∪ ψ(⟨Gi⟩)rc is 3 free-
structures and also 3 free-homopolymers. Any DNA string
obtained by concatenating codewords of DNA codes ψ(⟨Gi⟩)
is again 3 free-structures, and 3 free-homopolymers and also
has GC-contain half of its length. Any DNA string obtained by
concatenating codewords of DNA codes ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c
and ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c ∪ ψ(⟨Gi⟩)r ∪ ψ(⟨Gi⟩)rc is 3 free-
homopolymers, and also has GC-contain half of its length.
Any DNA code ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c holds R constraint. For
i = 0, 1, 2, 3, DNA codes ψ(⟨Gi⟩) and ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c
satisfy R constraint since Gi holds the properties given in
Lemma 10. These examples demonstrate the effectiveness
of our approach in generating DNA codes with desirable
properties, balancing error-correction capabilities, structural
stability, and biological compatibility for various applications
in DNA-based information systems.

VI. FAMILIES OF DNA CODES

Motivated by the Simplex code and Reed-Muller code,
families of DNA codes are constructed in this section.

A. Modified Simplex DNA Codes of Type 1

Motivated by [62, Chapter 3], for a given positive integer k,
consider a linear code C α

k+1 over Z4 with generating matrix

Gk+1 =

(
1 1 . . . 1

Gαk

)
, where Gα1 = (0 1 2 3), and, for

k ≥ 2, the matrix Gαk is defined inductively as

Gαk =

(
0 0 . . . 0 1 1 . . . 1 2 2 . . . 2 3 3 . . . 3
Gαk−1 Gαk−1 Gαk−1 Gαk−1

)
.

The parameters of C α
k+1 and ψ(C α

k+1) are discussed in Lemma
14 and Lemma 15 as follows.

Lemma 14. For any positive integer k, C α
k+1 is a quaternary

code of length 22k, size 22k+2, the MHD 22k−1, and the
minimum distance dψ = 22k.

Proof. From the symmetry of the generating matrix Gk+1 for
C α
k+1, it contains 4k columns, and the result on length holds.

The generating matrix Gk+1 is of type {k + 1, 0} over Z4.
Therefore, the size of the code is 4k+1, and the result on code
size holds. Now, from computation, one can find the MHD

and the minimum distance for the set ⟨
(

i4
G2

)
⟩ are 2 and 4

respectively for each i = 0, 1, 2, 3, where i4 = (i i i i). In the
matrix Gk+1, there are 4k−1 disjoint blocks each containing
four columns, where two blocks are disjoint if they do not
share a common column. Therefore, for the code C α

k+1, the
MHD dH ≥ 2 · 4k−1 and the minimum distance dψ ≥ 4 ·
4k−1 = 22k. But, for 022k , (0 2 0 2 . . . 0 2) ∈ ⟨Gk+1⟩, the
Hamming distance dH(022k , (0 2 0 2 . . . 0 2)) = 22k−1 and
the distance dψ(022k , (0 2 0 2 . . . 0 2)) = 4 ·4k−1. The result
holds for the MHD.

Lemma 15. For any positive integer k, the code ψ(C α
k+1) is

an (22k+1, 22k+2, 22k) DNA code.

Proof. The parameter of the code C α
k+1 is given in Lemma

14, and therefore, from Theorem 1, one can obtain the DNA
code ψ(C α

k+1) parameters.

Remark 7. The DNA code ψ(C α
k+1) holds, R, RC, and GC-

Content constraints. The DNA codewords are also 3 free-
homopolymers and 3 free-structures. Furthermore, the DNA
strings formed by concatenating these codewords satisfy all
of the properties.

Remark 8. For the DNA code ψ(C α
k+1), the code rate is k+1

22k+1

(≤ 1
4 ), and the RMHD is 1

2 . Also note the asymptotic RHMD
lim
n→∞

(
dH
n

)
is 1

2 . For ψ(C α
2 ), the code rate is 1

4 .

B. Modified Simplex DNA Codes of Type 2

Motivated by [62, Chapter 3], for a given positive integer k,
consider a linear code C α

k+1 over Z4 with generating matrix

Gk+1 =

 14k
122k−2 222k−1 322k−2

Gαk

 ,
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TABLE II
SOME EXAMPLES OF DNA CODES ARE LISTED IN THE TABLE, WHERE THOSE DNA CODES ARE OBTAINED FROM LINEAR CODES OVER Z4 , WHERE

ψ(⟨Gi⟩)∗ = ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c AND ψ(⟨Gi⟩)∗∗ = ψ(⟨Gi⟩) ∪ ψ(⟨Gi⟩)c ∪ ψ(⟨Gi⟩)r ∪ ψ(⟨Gi⟩)rc .

Generating
matrix Gi

parameter of
ψ(⟨Gi⟩)

parameter of
ψ(⟨Gi⟩)∗

parameter of
ψ(⟨Gi⟩)∗∗

R constraint for
ψ(⟨Gi⟩) and ψ(⟨Gi⟩)∗

G0 (4, 2, 4) (4, 4, 4) (4, 4, 4) satisfy
G1 (8, 4, 6) (8, 8, 6) (8, 8, 6) satisfy
G2 (8, 16, 4) (8, 32, 4) (8, 32, 4) satisfy
G3 (8, 16, 4) (8, 32, 4) (8, 32, 4) satisfy
G4 (10, 64, 3) (10, 128, 3) (10, 240, 1) do not satisfy
G5 (12, 128, 3) (12, 256, 3) (12, 480, 2) do not satisfy

where Gα1 = (0 1 2 3), and, for k ≥ 2, the matrix Gαk is
defined inductively as

Gαk =

(
0 0 . . . 0 1 1 . . . 1 2 2 . . . 2 3 3 . . . 3
Gαk−1 Gαk−1 Gαk−1 Gαk−1

)
.

The parameters of C 2α
k+2 and ψ(C 2α

k+2) are discussed in Lemma
16 and Lemma 17 as follows.

Lemma 16. For any positive integer k, C 2α
k+2 is a quaternary

code of length 22k, size 22k+4, the MHD 22k−1, and the
minimum distance dψ = 22k−1.

Proof. The proof follows a similar argument to that of Lemma
14, with the additional consideration that both the minimum
Hamming distance (MHD) and the minimum distance for the

code generated by ⟨
(

i4
G2

)
⟩ are identical and equal to 2.

Lemma 17. For any positive integer k, the code ψ(C 2α
k+2) is

an (22k+1, 22k+4, 22k−1) DNA code.

Proof. The result holds from Theorem 1 and Lemma 16.

Remark 9. The DNA code ψ(C 2α
k+2) holds, R, RC, and GC-

Content constraints. Further, each DNA codeword is 3 free-
homopolymers and 3 free-structures. In addition, the DNA
strings obtained by concatenating these DNA codewords again
satisfy all the properties.

Remark 10. For the DNA code ψ(C 2α
k+2), the code rate is

k+2
22k+1 (≤ 1

8 log4 32 = 0.3125), and the RMHD is 1
4 . The

asymptotic RHMD lim
n→∞

(
dH
n

)
is 1

4 . The code rate of ψ(C 2α
3 )

is 0.3750.

C. Modified Hamming DNA Codes

Motivated from the relation between binary Hamming code
and binary Simplex code, in this section, for any positive
integer k, we proposed Hamming type code obtained from
Gαk as given in Section VI-A. Consider G′

k = [Ik A] is the
matrix obtained from Gαk by deleting all zero column. Now,
compute GHk = [I4k−k−1 A

t], where At is the transpose of
the matrix.

Lemma 18. For any positive integer k, CH
k is a quaternary

code of length 22k, size 2(2
2k+1−2k−2), the MHD 3, and the

minimum distance dψ = 3.

Proof. The proof for length and size is similar to the proof of
Lemma 14. For the Hamming distance d′H of the Quaternary

codes, observe the fact the dψ ≥ d′H = 3, and thus, the MHD
for the DNA code is at least 3. But, one can find two rows of
the generating matrix GHk with only two positions are non-zero
element such that the distance dψ is 3, and thus the Hamming
distance of the DNA code is 3.

Lemma 19. For any positive integer k, the code ψ(CH
k ) is

an (22k+1, 2(2
2k+1−2k−2), 3) DNA code.

Proof. The result holds from Theorem 1 and Lemma 16.

Remark 11. The DNA code ψ(CH
k ) holds, RC, and GC-

Content constraints. Further, the DNA codewords are 3 free-
homopolymers and also 3 free-structures. In addition, the DNA
strings obtained by concatenating these DNA codewords again
satisfy all the properties.

Remark 12. For the DNA code ψ(CH
k ), the code rate is

22k−k−1
22k+1 , and the RMHD is 3. Also, the code rate of the DNA

code ψ(CH
k ) approaches to 1

2 as the length approaches to
infinity.

D. Reed-Muller Type DNA Codes

Let m and r be integers such that 0 ≤ r ≤ m. The generator
matrix for the (r,m)-th order Reed-Muller type code, denoted
as R(r,m) over Z4, is defined recursively as follows:

Gr,m =

(
Gr,m−1 Gr,m−1

0 Gr−1,m−1

)
for 1 ≤ r ≤ m− 1,

where Gm,m =

(
Gm−1,m

0 1 2 3

)
and G0,m is a single row vector

of length 2m+1 populated entirely with ones. Here, 0 denotes
a zero matrix of appropriate dimensions.

Theorem 2. Let m and r be integers such that 0 ≤ r ≤ m.
The code ψ(R(r,m)) is the DNA code with length 2m+2, size
4
∑r

i=0 (
m
i ), and the MHD dH = 2m−r−1 for r < m, and dH

= 4 for r = m.

Proof. The length of the DNA code ψ(R(r,m)) can be
established by induction on the parameter m. Specifically, the
length is given by 2m+2, with the base case corresponding to
ψ(R(1, 1)).

Regarding the code size, note that the generator matrix Gr,m
has type {

∑r
i=0

(
m
i

)
, 0}. Consequently, applying Theorem 1

yields that the cardinality of the DNA code ψ(R(r,m)) is
4
∑r

i=0 (
m
i ).
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Remark 13. The DNA code ψ(R(r,m)) holds R, RC and
GC-Content constraints. Further, the DNA codewords are 3
free-homopolymers and also 3 free-structures. In addition,
any concatenation of these DNA codewords results in 3 free-
homopolymers, 3 free-structures and GC-Content is half of its
length.

Remark 14. For the DNA code ψ(R(r,m)), the code rate is∑r
i=0 (

m
i )

2m+2 (≤ 1
2 ). For r < m, the RMHD is 2m−r−1

2m+2 = 21−r,
and, for r = m, the RMHD is 4

2m+2 .

Remark 15. For given positive integer ∆ (1 ≤ ∆ < ⌊m/2⌋),
the code rate lim

n→∞

(
1
n log4M

)
of the DNA code ψ(R(r,m))

is approaching 1
2 for large lengths, where ∆ = m− r.

VII. DISCUSSIONS AND COMPARISONS

This section compares the properties of our constructed
DNA codes with those reported in the literature and discusses
their characteristics.

A. Code Rate Trade-Off and Secondary Structures

As summarized in Table I, increasing the word length
parameter t generally yields higher code rates due to the ex-
pansion of the admissible codeword set. However, this increase
comes at the expense of substantially greater computational
complexity during code construction, as noted in Remark 1.
Consequently, the choice of t must strike a balance between
improving code rates and practical computational resource
constraints.

Figure 3 illustrates this trade-off by plotting the code
rate against code length n = 1, 2, . . . , 11 for DNA codes
without secondary structures having minimum stem length
t = 1, 2, 3, 4, 5. For a fixed code length n, the code rate in-
creases with t and ultimately approaches one when t > ⌊n/2⌋.

B. Maximum Code Rates under Constraints

[63] and [64] present closed-form Sphere Packing (SP)
and Gilbert–Varshamov (GV) bounds for DNA codes with
GC-content and without homopolymers, respectively. Figure 5
compares these bounds for general codes, codes without
homopolymers, and codes with GC-content, alongside the
Modified Hamming DNA codes rate proposed here. Unlike the
SP and GV bounds that consider single constraints, the Mod-
ified Hamming codes satisfy multiple constraints, including
Homopolymer and GC-content constraints. The gap in code
rate reflects this difference in constraint enforcement.

Figure 4 compares the code rate versus code length for DNA
codes designed under multiple biologically relevant constraints
(i) GC-content balancing, (ii) Homopolymer runs limited to
length two, (iii) Avoidance of secondary structures with stem
length ≥ 3, (iv) Combinations of the above constraints. The
labels Sec Str and Homo represent the absence of secondary
structures with stem length exceeding two and homopolymer
runs restricted to at most two nucleotides, respectively. The
plotted curves serve as upper bounds on the achievable code
rate under each respective constraint. Bounds were estimated
by enumerating all 4n DNA sequences of length n using

MATLAB, filtering those that violate constraints, and plotting
the results in Figure 4. All considered DNA codes satisfy the
stated restrictions, although note that concatenation properties
related to secondary structures are not incorporated in these
results. The code rate gap between the bound in Figure 4
and the constructed DNA codes is due to the concatenation
property and error correction property in the constructed DNA
codes.

C. Comparison with Existing Literature

Previous works have addressed subsets of the constraints
considered here, but the present work incorporates a broader
set of biologically motivated constraints simultaneously. For
example:

• In [58], the authors studied substitution error mitigation
via unconstrained and constrained DNA codes, focusing
primarily on avoiding homopolymers and controlling GC-
content. By contrast, our constructions additionally en-
force secondary structure avoidance and simultaneously
handle R and RC constraints.

• The work in [65] constructs DNA codes that avoid
secondary structures by eliminating reverse-complement
subsequences. Our approach generalizes this by incor-
porating additional considerations including G-T pairing,
alongside canonical A-T and G-C pairings.

• In [66], DNA codes ensure R, RC, and GC-content
constraints while avoiding homopolymers and secondary
structures, with code lengths restricted to multiples of
three. Unlike this, our constructions support code lengths
that are powers of two, thereby offering increased flexi-
bility for DNA data encoding.

D. Comparison and Analysis of DNA Codes

The properties of the obtained DNA codes are compared
in Table III with the properties of DNA codes reported in
the literature. For DNA codes listed in Table III, the term
Yes∗ stands for the concatenated DNA strings that are 3
free-homopolymers and the GC-Content of the concatenated
DNA strings is half of their respective lengths. Note that
concatenated DNA strings of those DNA codes marked with
Yes∗ in Table III are 3-free-homopolymers but not 3 free-
structures.

Note that secondary structures avoiding DNA codes with
RC constraint are obtained from codes over the alphabet
{AA,AC,CA,CC, TC} in [67], and similarly, secondary
structures and homopolymers avoiding and GC balanced DNA
codes with R and RC constraints are obtained from codes over
the alphabet of size 6 in [66].

E. Properties of DNA Codes

The alphabet sets considered in [66], [67] are the subsets of
the sets A with t = 2 and t = 3 in Table I, respectively.
Comparisons of properties of DNA codes constructed in
this paper and available in the literature are made in Table
III. All DNA codes listed from the literature in Table III
are single error-correcting codes. For example, each DNA
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Fig. 3. Trade-off between code rate and length
n for DNA codes without secondary structures of
stem length more than and equal to ℓ = 1, 2, 3, 4, 5
and t = 1, 2, . . . , 11.
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Fig. 4. Plot of code rate versus code length n (n =
2, 4, . . . , 10) for DNA codes with GC-content con-
straint and avoidance of secondary structures of
stem length more than two and homopolymers of
runlength more than two.
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Fig. 5. For dH = 3, the code rate for the
modified Hamming DNA code is plotted with the
code rate obtained from Sphere Packing (SP) and
Gilbert–Varshamov (GV) bounds for DNA code in
general, DNA codes without Homopolymers and
DNA codes with GC-content constraint.

TABLE III
COMPARISONS OF PROPERTIES OF DNA CODES.

DNA Codes
(n,M, dH)

Code
Rate
log4 M

n

Relative min
Hamming
Distance
dH
n

holds
Concate-
nation
Property

ℓ free-
struc-
tures
Property

ℓ free-
homo-
polymers
Property

holds
RC Con-
straint

holds
R Con-
straint

holds
GC-
Cont-
ent Con-
straint

(15, 15, 12) code,
Example 9 [68]

0.1494 0.8000 No No ℓ = 5 No Yes Yes

(5, 6, 4) code,
Example 2 [15]

0.2585 0.8000 No ℓ = 4 ℓ = 5 No Yes No

f(ψ(H2)) [67] 0.3870 0.2500 Yes ℓ = 3 ℓ = 5 Yes No No
(7, 49, 4) code,
Example 4 [15]

0.4011 0.5714 No ℓ = 3 ℓ = 5 No Yes No

C ∪ C c, C = f(ψ(H2))
[67]

0.4287 0.2500 No ℓ = 3 ℓ = 5 Yes No No

(8, 224, 4) code,
Table III [21]

0.4880 0.5000 No No No Yes No Yes

(8, 256, 4) code,
Table III [21]

0.5000 0.5000 No No No Yes Yes No

ψ(⟨G4⟩)∗ Table II 0.3500 0.3000 Yes∗ ℓ = 3 ℓ = 3 Yes No Yes
ψ(⟨G5⟩)∗ Table II 0.3333 0.2500 Yes∗ ℓ = 3 ℓ = 3 Yes No Yes
ψ(⟨G2⟩)∗∗ Table II 0.3125 0.5000 Yes∗ ℓ = 3 ℓ = 3 Yes Yes Yes
ψ(⟨G3⟩)∗∗ Table II 0.3125 0.5000 Yes∗ ℓ = 3 ℓ = 3 Yes Yes Yes
ψ(⟨G4⟩) Table II 0.3000 0.3000 Yes ℓ = 3 ℓ = 3 Yes Yes Yes
ψ(⟨G0⟩)∗ Table II 0.2500 1.0000 Yes∗ ℓ = 3 ℓ = 2 Yes No Yes
ψ(⟨G2⟩) Table II 0.2500 0.5000 Yes ℓ = 3 ℓ = 3 Yes Yes Yes
ψ(R(1, 1)) 0.2500 0.5000 Yes ℓ = 3 ℓ = 3 Yes Yes Yes
ψ(Cα

2 ) 0.2500 0.5000 Yes ℓ = 3 ℓ = 3 Yes Yes Yes
ψ(⟨G1⟩)∗∗ Table II 0.1875 0.7500 Yes∗ ℓ = 3 ℓ = 3 Yes Yes Yes

string in ψ(R(r,m)) (r,m ≤ 4) is 3 free-homopolymers,
and secondary structures are not exhibited in Vienna [18]
and The mfold Web Server [17]. In [15, Example 2 and
Example 4], DNA codes are designed that avoid secondary
structures, but homopolymer property is not considered in
[15]. In [15, Example 2], the DNA code is obtained with
length 5, dH = drH = 4 and drcH = 3. In [15, Example 4], [68,
Example 9], and (8, 224, 4) DNA code (Table III in [21]),
DNA codes satisfy GC-Content constraint. The (8, 256, 4)
DNA code holds the R constraint in [21, Table III]. All
DNA strings in (15, 15, 12) code as given in [68, Example
9] has identical GC-Content and it is equal to 8. The DNA
strings in DNA codes f(ψ(C2))∪ f(ψ(C2))

c, f(ψ(H2)), and
f(ψ(H2)) ∪ f(ψ(H2))

c are 5 free-homopolymers [67].

F. DNA Codes and Bounds

One can observe that the (4, 4, 4) DNA code as given
in Table II holds the Singleton bound for quaternary
codes. Also, DNA codes of parameters (4, 4, 4) and (8, 8, 6)
achieve the Gilbert-Varshamov bound for non-linear quater-
nary codes. Therefore, (4, 4, 4) and (8, 8, 6) DNA codes are
optimal codes that satisfy R, RC, and GC-constraint con-
straints. In addition, the DNA strings are 3 free-structures
and also 3 free-homopolymers. The (4, 4, 4) DNA code
is {CTCT, TCTC,GAGA,AGAG} and the (8, 8, 6) DNA
code is {CACAACAC, ACACCACA, CTCTCTCT,
TCTCTCTC, GTGTTGTG, TGTGGTGT, GAGAGA-
GA, AGAGAGAG }.
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G. Code Rate and relative minimum Hamming Distance

The families of DNA codes obtained from Modified Sim-
plex Codes of Type 1 and of Type 2, and Reed-Muller Type
codes have either a non-vanishing code rate or a non-vanishing
relative minimum Hamming distance for large lengths. Note
that, for Modified Simplex DNA Codes of Type 1 and of Type
2, the RMHD is approaching 1/2 (see Remark 8) and 1/4 (see
Remark 10) for large lengths, respectively. Also, for given
∆ = m− r, the code rate is approaching 1/2 for DNA codes
ψ(R(r,m)) for large lengths (see Remark 15).
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APPENDIX

A. Computational Complexity Analysis for Algorithm 1

For a DNA sequence z = z1z2 . . . z4t of length 4t, consider
ℓ-length substrings z(i) = zizi+1 . . . zi+ℓ−1, where 2 ≤ ℓ ≤
⌊t/2⌋ and 1 ≤ i ≤ 4t− ℓ+ 1. In Step 3 of Algorithm 1, two
disjoint ℓ-length substrings z(i) and z(j) are compared for
all z ∈ T 4, with indices satisfying 1 ≤ i ≤ 4t − 2ℓ + 1, and
i+ℓ ≤ j ≤ 4t−ℓ+1. For a fixed i, the number of valid j values
is (4t−ℓ+1)−(i+ℓ)+1 = 4t−2ℓ−i+2. Summing over all valid
i, the total number of disjoint substring pairs for comparison
is

∑4t−2ℓ+1
i=1 (4t− 2ℓ− i+ 2) = 1

2 (4t− 2ℓ+ 1)(4t− 2ℓ+ 2).
Since comparisons are symmetric for SC/RCS conditions, the
total number of substring comparisons per DNA string z ∈ T 4

is twice this amount, i.e., (4t − 2ℓ + 1)(4t − 2ℓ + 2). Next,
for a fixed substring z ∈ S (and hence z ∈ T = A ∪ {z})
in Step 2, the total number of DNA strings in T 4 containing
exactly k copies of z is

(
4
k

)
(|T | − 1)4−k, for k = 1, 2, 3, 4.

Therefore, the total number of strings containing at least
one z is

∑4
k=1

(
4
k

)
(|T | − 1)4−k. Consequently, the total

number of substring comparisons performed in Step 3 is
(4t − 2ℓ + 1)(4t − 2ℓ + 2)

∑4
k=1

(
4
k

)
(|T | − 1)4−k. For large

|T |, this complexity is dominated by O
(
(4t−2ℓ)2(|T |−1)3

)
.

From Table I, the size of T is approximately bounded by
|T | ≤ 6 · 4t−2. Substituting this bound yields (4t − 2ℓ +

1)(4t− 2ℓ+2)
∑4
k=1

(
4
k

) (
6 · 4t−2 − 1

)4−k
. Accordingly, the

overall complexity of substring comparisons in Algorithm 1
is O

(
(4t− 2ℓ)2 43t−6

)
.
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